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BBO/IHASA JIEKIIUA: TEXHUKA TUODPEPEHIIUPOBAHUS
Jleknusa 1

B nganHoM pasnene Mbl HAIOMHHUM HU3BECTHBIE M3 CpeIHEll HIKOJBI (DAaKThI, CBSI3aHHBIE C
BBIUKCJICHHEM MpPOU3BOIHON. Bcece aTu yTBepkineHuss OyayT AokasaHbl HaMH IIOCIE H3Yy4YCHHS
Teopuu npeenoB. HauneMm ¢ popmasibHOTO onpeaeneHus: Iporu3BOJHOM.

Iycts Gpynkuus y=f(X) ompenenena Ha OTKpHITOM HHTEpBaE J :(a, b) JNEHUCTBUTEIILHON
npssModt R, Touka Xe€J W uucno AX (Ha3plBaeMOe NpPUpAIICHHEM HE3aBUCHMOW MEPEMEHHOW X)
TakoBo, uto X+AXxel. Ilpu sTom Bepakenue Ay=f(X+Ax)—f(X) HaseBaroT mpupamenuem
JaHHOH (QyHKIMH B TOUKe X€J .

Onpeodenenue 1. Tponspomuoit y' =f'(x) dynxmuu y=f(X) B Touke Xe€J Ha3bIBaeTcs
npelen OTHOUIEHWS MpUpALEHUs (QYHKIMM B TOuke X€J K NpHUpAIICHUIO HE3aBUCHUMOMN
IIEPEMEHHOM, KOT1a IpUpalieHne AX HE3aBUCHMOM IIEPEMEHHOM CTPEMHUTCS K HYJIIO, TO €CTh

Ay
/ / .
y' =f'(x)=lim—=. (1)
Ax—0 AX

dynkiua y=f(x) naseBaerca nuddepenuupyemoit Ha MHTEpBase J=(a,b), €CJIi OHa
UMEET NPOU3BOIHYI0 B KaXKI0H TOYKe 3TOro MHTepBasa. IIpomecc BelUMCIIEHUS NPOU3BOIHON
Ha3bIBaeTCs TUGGepeHIUPOBaHUEM.

O

Jns Toro, 4roObl OCBOUTh TEXHUKY BBIYMCIEHUS IPOM3BOJHONW, HEOOXOAMMO 3HATh
npaBuwia aupdepeHuupoBaHysl, TabIUIy TPOU3BOAHBIX 3JIEMEHTAPHBIX (YHKLUH, a TaKKe yMETb
YETKO ONPEIEIIATh NOPAJOK AEHCTBUN B MATEMaTHUECKOM BBIPAKEHUU.

[IpaBuna nuddepeHpoBanus
1. ITpou3sBoiHas TOCTOSTHHOM (DYHKIIMU paBHA HYJIIO, TO €CTh €clM Y=C=Const, To
y'=c’=0.
2. [Ipon3BomHast CyMMBI ABYX (DYHKIIMH paBHAa CyMME MPOHM3BOJHBIX 3THX (YHKIIHMH, TO €CTh €CIIU
f/(x) m g'(x) cymecrsytot, TO

[£(0+g(x)] =F/(x)+g'(x).

3. TlocTOSIHHBI MHOXUTEIh MOKHO BBIHECTH 3a 3HAK MPOM3BOJHOMN, TO €CTh eciu C=CONnst, a
f/(x) cymectsyer, To

[c~f(x)]/:c~f’(x).
4. TlpowsBomHass TNPOM3BEAEHUS JBYyX (QYHKIMH paBHa TPOU3BOIHON MepBOil  (yHKIMH,
YMHOXKEHHOW Ha BTODYIO, IUIIOC MepBast GpyHKIMS, YMHOKEHHAs Ha IPOM3BOIHYIO BTODOIL; TO
ectb ecn f/(x) u g'(X) cymectsyror, TO

[£(0-g00]' =1(x)-g(x)+ £ ()-9" (x).

5. IlpousBogHas yacTHOro ABYX (GYHKIMI paBHa JpoOH, 3HAMEHATeIb KOTOPOM paBeH KBaJpary
3HAMEHaTeNsl UCXOAHOW JApoOu, a B YHCIUTENE KOTOPOW CTOUT MPOU3BOJHAS YHUCIUTENS
UCXOJHOW JpoOM, YMHOXEHHasi Ha €€ 3HaMeHaTellb, MUHYC YHCIUTEeNIb MCXOJIHOH npolw,

YMHOXEHHEIH Ha MPOM3BOIHYIO ee 3HaMeHaTens; To ecTh ecnu f/(X) u g'(x) cymectByror u
g(x)#0, To
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6. TlponsBonHast cioxHOH (yHKIMM (LEemHOoe mpaBmio): ecnu Y=g(U), rae B CBOIO odepenb

u=f(x),mecmu f'(x) u g’(u) cymecrsyior, To

[o((0)] =g/ (£(x)-(x).

Tabnuia npou3BOAHBIX PJIEMEHTAPHBIX (PYHKIIHIA

[Ipon3BoHbIE CTEIIEHHOM, MOKa3aTEIbHOM [IpownsBoaHbIE [Tpon3BoHBIE OOPATHBIX
u norapupmMudeckoi GpyHKIuH TPUTOHOMETPHUYECKHUX TPUTOHOMETPHUUECKHUX
byHKIMHA byHKIUH
(x*) =a-x** (rae a=const) (sinx)" =cosx (arcsinx) =————
1-x?
/ I qi 1
(a*) =a*-Ina (rze a=const, a>0) (cosx)’ =—sinx (arccosx) =————
1-x?
(log,x)' = (tne a=const, a>0, a=1) | (tgx) = L (arctgx)' = L
7 xlIna ’ ’ cos’Xx 1+x?
(ex)lzex, (Inx)/=1 (uacTHBle  chy4au 1 1
X (ctgx)/z— — (arcctgx)/:— 5
MPEIBIIYIIIX JIBYX dbopmyn npu sin“x 1+x
a=e=2,718.., rae e — HaTypaibHOE YHCIIO)

[Topsaok nelcTBUI B MaTEMaTUYECKOM BBIPAKEHUH
u nuddepeHnnpoBaHne CIOKHBIX QYHKIUN

PaccmotpuM sBe QyHkimu: Y,=sinx’ u y,=sin’X. DTu QyHKIMH oyeHb moxoxwu. Jlns

INPaBWIBHOTO MX JAU(PPEpeHUUpPOBaHNUS HYXKHO OTYETJIMBO BBIJCIUTh OIEpaluH, KOTOpbIE
IPOU3BOJATCS HaJ NEPEMEHHOM X B JJaHHBIX MAaTeMaTHYECKHX BBIPaKEHUSAX. Y MepBON (QYyHKIUU
NepeMEeHHas X CHayaia BO3BOJAUTCA B KyO, a 3aT€M Ha IMOJIy4YE€HHBIH pe3ysbTaT AeHCTBYET (QYHKIIHS

cunyc. Takum oOpazom, ylzsin(x3)_ HaoGopot, y BTOpoil ¢yHKIMM INepeMeHHas X CHayala

noJBepraercsi NIEHCTBUIO (YHKLIMU CHHYC, a 3aTeéM pe3ylbTaT BO3BOJUTCS B KyO, TO €CTb
. 3 o o

y,=(sinx)’. Haiinem npowusBoaHble >TUX (YHKIMI, TPUMEHSS LEMHOE MPABWIO M TaGIHIly

MPOU3BOJIHBIX. 3aMETUM, YTO HauWHATh AUQGEpeHIUPOBAHNE HYKHO C TOCIEIHEH Omepaiuu,
3areM MU epeHIPYIOT MPEANOCISIHIO ONEpaIHio U, TEHCTBYS TaKUM 00pa3oM, 3aKaHYMBAIOT
MIPOU3BOAHOMN NIEPBOM OIEPALIUH.

[Tocnenneit omnepanueil GyHKIMH ylzsin(x3) ABJISIETCSL ONEPALMS CHUHYC, MPOU3BOJHAS

KOTOpOfI €CTb KOCHHYC, ITIOOTOMY IICPBLIM 3BCHOM ICITHOTO IpaBUJia SABJISACTCA (I)yHKI_II/I}I COS(XS).

[Ipu »>TOM y moydeHHOH HaMu (YHKIMH COXPAaHWICA apryMEHT, KOTOpPBIM oOOJiafiall CHHYC.
[Ipennocnenunelt omepauueil y paccmarpuBaeMoil (pyHKIMM SBIsSeTCS BO3BEAeHHME B KyO (9Ta
omepanuuss B JIaHHOM IIpUMEpPE OJHOBPEMEHHO sBisercs nepBoi). Ilostomy BTOpoe (n

3aKITIOYNTENFHOE) 3BEHO HEITHOTO TIpaBuia Gy/IeT TIPOU3BOIHAS CTEEHHON (GyHKIMHE X°, TO ecTh
dynxums  3x°. PykoBojcTBysch Qopmynoit 6 mpaBmi audhepeHIupoBaHNs, OKOHYATENHEHO

/
TIOJTyYaeM : (yl) =COS(X3)-3X2.
Ilocnenneit onepauueit QyHKIUM Y, =(sinx)3 SBJISICTCSI BO3BEJIEHHWE B KyO, TTO3TOMY y €€

o - 2 >
TIPOM3BOIHON MEpBEIM 3BeHOM Oymer dymkmus 3(SinX)”. OTMeTHM, 4TO TaKk KaK y HCXOIHOM

(GYHKIIMHA apryMEHTOM, KOTOPBIA BO3BOJMIICS B KyO, ObLT SINX, TO 3TOT apryMEHT COXPAHHJICS U B
nepBoM 3BeHe auddepennupoanusa. [Ipeanocnenneid (1 OJHOBPEMEHHO IIEPBOM) oIepanuei

4
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paccMaTpuBaeMoil (YHKIMM SBJSETCS CHHYC, [OJTOMY BTOPOE 3BEHO OyAeT paBHO COSX.
. / - 2 -2
OxomuarensHo momyqaem: (Y, ) =3(sinx)”-cosx=3sin’x-cosx.
[poauddepennupyem Tereph CIOKHYIO (YHKIMIO, COCTOSNIYIO W3 TpPeX orepaiuii, a
uMeHHO (yHKIMIO Y=tg’X°. BBIUIeHHM COCTAaBISIOMHUE 3Ty (GYHKIUIO HPOCTBIE ONEPAIMH:
2 (3
y=(tg(x®))". 3mech mepBas ormepamms — BO3BENEHHE MEPEMEHHON X B MATYIO CTETCHB, BTOPAs

orepanusi — B3SITHE TaHT€HCa OT MOJYYEHHOIO pe3yjibTaTra W, HAKOHEI, MOCIEIHss Oomepanus —
BO3BEJICHUE BCETO, YTO MOJIY4YMIIOCh, B KBajpar. [lpu auddepeHunpoBanuu LemHOe MPaBUIO acT
Tpu 3BeHa. [lepBoe 3BeHO nmonyunM, AuddepeHunpys nocieaHow onepanuio. OHO OyIeT coCTOATh

u3 QyHKIUH Z(tg(xs)). Bropoe 3BeHO — NpOM3BOAHAS NPEANOCICIHEH OIEepalMd — PaBHO
1
cos?(x°) "

y'=2tg(x®)-

U, HakoHel, TIOCleJHee 3BeHO ecTh (yHkmua 5X*. B pesynprate HMmeeMm:

4

———=--bx
cos?(x°)
Boruncnum npou3BoAHyto emie Oosee CIO0XKHONW (YHKIHH y=|n7arctg(5x“—6x3). 3mech

TIepBOii onepanueii 1eaecoodpa3Ho cuntaTh MEHOTowIeH 5X*—6x°. Bropas omepamus — 310 B3ATHE

APKTAHI'CHCA OT MHOI'OYJICHA, TPEThA Olcpalusd — BBIYHUCICHHUC HATYPaJIbHOI'O norapn(bMa,
YCTBCPTas orepanusa — BO3BCACHHUC BCCTO ITOJYYCHHOI'O B CEABMYIO CTCIICHD. HpI/IMeHHH OCIIHOC
1 1

npaBuiIo, nomyuaem: y' =7In 6arctg(5x4 —6X3)- 5 ~(20X3 —18X2) :

anxg(5x4—6x3f1+(5x4_6x3)

Hexortopsie 3amedanus, noye3nsle npu AuddepeHnpoBaHun
1. Ecnu nyxHO mnpoauddepeHunpoBaTh (QYHKIHUIO, COAEPKAIIYI0 paJMKallbl, TO Mepes
T epeHIIMpOBaHUEM 3TH paJMKallbl CIeIyeT MepeBecTH B JpoOHble cTerneHu. Hampumep,

mycts  Y=9X°+4x°-17+x3/x* . Crauana mnpeobpa3oBsiBaeM 5Ty GYHKIMIO K BHIY:
15
y=(9x5 +4x° —17) 54+x3. Teneps IIPOU3BOIHAS BBIUHCIISAETCS 6e3 Tpyza:
1 A 5 2
y' :—(9x5+4x3—17) 5 -(45x4+12x2)+—x3 :
5 3
2. Ecniu HyxHO mnpoauddepeHurpoBaTh Apo0b, YUCIUTEIb KOTOPOM — MOCTOSHHOE YHCIO, TO
nepea 1uddepeHIpoBaHUEM 3HaMEHATeNb ¢ TIOKa3aTeleM MUHYC eJMHHIIA HY)KHO TIOMECTUTH B
1 2 7
anciutens. Ilycts, Hanpumep, y=_———g+———. [IpeobpazoBeiBacM (yHKIHIO CIIEIYIOMNM
X X7 4/x°+3

N w

1
2

7 _
o0pazom: y=x‘l—2x"8+7(xz+3) . Tenepp y' =—x? +16X_9—§(X2+3) 2X=

116

X2 X 1I(x2+3)3 |

3. llpu uddepeHIMpoBaHA HE CIEAyeT MyTaTh MPOM3BOMHBIE CTEMCHHOM W MOKa3aTelbHOU
dynxumit. Ins mpumepa paccMoTpuM GyHKmEH Y, =arcsin’x um y,=2"""_ V ¢ynkaun

. 2
y,=(arcsinx)” mepsas omeparus ecTh (GYHKIMS apKCHHYC, a BTOpas ONepalysi — CTeHeHHas
¢yHKIMs (BO3BEACHUE B CTENEHb C MOCTOSIHHBIM Moka3zareneM 2). [loaromy, crieays mpaBuity

. 1
T epeHIIMPOBaHUS CIOKHON (PYHKIIMH, TOTYIUM y{:Zarcsmx-ﬁ. VY BTOpO# PyHKINH

nepBasi omepanus Takke ecThb (yHKUIUsS apKCHMHYC, HO BTOpas oOIepauus — 3TO B3STHE
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MIOCTOSIHHOTO 4YHcia 2 ¢ TOKa3aTeleM arcsSinX, To ecTh mokasarenbHas (yHkiws. [losTomy

1

V1-x?

4. Ecnu  HyxHO mnpoaudQepeHIpoBaTs JOrapu@MHUUEcKyl0 (YHKIHIO, BHYTPH KOTOPOH
COJCPXKHUTCS CTENEHb, TO, NMPUMEHAA CBOMCTBAa Jorapudma, MOKa3aTeslb CTENEHU CIeIyeT

yé :2arcsinx |n2

BBIHECTH 3a 3HaKk jorapudma. Ilycts, Hanpumep, y=100,4/Ctg8x . 3amenuB pagukan apoGHOM
1
CTENEHbIO U BBIHECS IMOKa3aTelb 3a 3HaK jorapudma, morydnMm: y:|0g3(0t98x)4 :ZlogsctQSX.

- , 11 ( 1 j o 2 4
O3TOM = | — O=——, = .
Y 4 ctg8x-In3\ sin’8x sin8x-cos8x-In3  sin(16x)-In3

5. Ecnu BHyTpb Kakoii-mn60 (pyHKIUH BCTABIEHO MPOM3BEICHUE WM YACTHOE ABYX (YHKIIHIL, TO B
9TOM cily4dae HE CJIeAYeT MbITaTbCs OJHUM MaXOM BBIYHCIHUTH NPOU3BOJHYIO JAHHOW CIIOKHOMN

2
. e*
(1)YHKI_II/II/I, a J'Iy‘ILHe JCHUCTBOBATH IIO3TAIIHO. HaHpHMep, €CJIIN y:arccos£|n4xj , TO €€

TIPOU3BOJIHYIO CIIEIyeT BEIUMCIIATH CIIEAYIOMHM obpasom: Yy =—

2 / 2 X2 Xz
1 (eX ) In4x—e* (In4x)’ 1 e .2x-Indx—e* -
In24x In24x

Jlorapudgmuueckoe nuddepeHunpoBanme
PaccMoTpuM MeTOn HaXOXICHHMsS IPOM3BOAHON CTENEHHO-TIOKA3aTeNbHON (QyHKIUH

y:( f (x))g(x) , Y KOTOPOY MEpEMEHHAsi X HAXOAMUTCS KaK B OCHOBAaHUU CTEIICHH, TaK U B IOKa3aTere.
[Tponorapudmupyem JTAHHYIO (GyHKLHIO: Iny= In( f (X))g(x) =g(x)-Inf(x). Teneps
f'(x)

1
npomuddepeHUpyeM 00e YacTH MOTyYeHHOTO pABEHCTBA: ;-y’ =g’ (X)-Inf (x)+g(X)— =

f(x)

f/ g(x / f’
Otciona yu=y{g’001nf(x)+g(x> fé;?j=(f(x» (*(g ()-Inf(x)+9(x)- féz?]-

Ilpumep 1. HaiineM mnpou3BOIHYIO GYHKIUH  Y=X . Ilpumenum wmerTon
agorapupmuueckoro  auddepeHurpoBaHus. [Iponorapudpmupyem  maHHYIO byHKIHIO:

6
arceosx ):arccosxe-lnx. Tenepsr wHaiiieM NPOU3BOJHBEIE OOEUX YACTEH IMOJYYEHHOIO

Inyzln(x

1., 6) 6 / 1 5 6 1
paBEHCTBA! —y :(arccosx ) Inx+arccosx®-(Inx) :——2-6x -Inx+arccosx”-— . B
y V1-(x®) X

y'=y L e Inwsarcoosk®. L |y 6x°-Inx arccosx®
PE3yabTaTe NOJIydacMm: =Y - . + —|= — + .
/1_ XlZ X /1_ X].Z X
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TEOPUS ITPEJIEJIOB
Jlexknusa 2

OnpeneneHHe npeaciia nmocjica0BaTCJIbHOCTU

O603HaunM yepe3 NI MHOXKECTBO HaTypainbHBIX uncen. Utak, INI= {12n} .

Onpeoenenue 2. 11ocne0BaTeNbHOCTEIO JEHCTBUTEIBHBIX YHCE]T {an} Ha3bIBACTCS 3aKOH,

COIVIACHO KOTOpPOMY KaxkaoMy NeINI CTaBUTCI B COOTBETCTBHE ACHCTBUTEIBHOE YHUCIO a,,

Ha3bIBACMO€ DJJICMCHTOM TIIOCICOOBATCIBHOCTH. OneMeHT a Ha3bIBaACTCsA O6H_II/IM YJICHOM

n
IOCJIEI0BATEILHOCTH.

J

[TocnenoBaTenbHOCTD Yallle BCETO 3aJaeTCsl CBOMM 00muM wieHoM a,. bonee moapoOHO

nocCJICA0OBAaTCIbHOCTD {a } BBIIMKMCBIBAIOT TaK: al,az,....,a.

. e
IIpumep 2. 1) Pacnonoxum 3J€MEHThI N10CIE10BaTEIbHOCTH C OOLUM YJICHOM a, :2—n Ha

JIEUCTBUTEIILHON MIPSMOM:
0

\ia

116 1/8 1/4 1/2

MpbI BUIMM, YTO AJIEMEHTHI 3TOH TOCIIEOBATEIILHOCTH C POCTOM N IpuOimxkarmTcs K Touke (0 Ha
CKOJIb YTOJIHO Majio€ paccTostHUE. [ 0BOpSAT TakXke, YTO MOCIEA0BATEIbHOCTD {an} "crymaercs"

okoso Toukn 0, umu "ctpemurcs" Kk Touke 0. Mbl yBUAMM, UTO B COOTBETCTBHE C TOYHBIM
OlpesieIeHneM, KOTopoe OyneT [aHO 4yTh IIO3KE, yucao (O sABIseTCs  MpenenoMm

noCJICA0OBATCIbHOCTHU {an} .

1
2) PaccMOTpHM Temeph CIEIYIONTyI0 ITIOCIEN0BATEIbHOCTD: a :(—1)"-(1+Ej. Unmeem:

n

3 4 5 6

a,=-2,a, =% a, =3 a, =7 as =z ag =5 HaneceM 5T 27€MEHTHI Ha YHCIOBYIO NIPSMYO:
- X
65 o 0 I/ X
-2 -4/3 -1 1 54 32

HeueTHble 311eMEHTHI 3TOHM MOCIE0BATENbHOCTH CTYIIAIOTCS BOKPYT TOUKH —1, a 4eTHBIE — BOKPYT
ToukH 1. To ecTh He cylecTByeT OJHOW TaKOl TOYKH, BOKPYI KOTOPOH Cryliaquch Obl BCE UJIECHBI
JAHHOM TMOCJIEI0BATEIBHOCTH ¢ pocTOM N. O TaKoro copra Mocie10BaTeIbHOCTSIX TOBOPSIT, YTO OHU
HE UMEIOT mpefena (PacXoasaTcs).

3) Unens! nocne10BaTeNbHOCTH 4, =n®c pPOCTOM N yXOAST BCE AAJIbIIE W JAJIbIIE BIPABO

Ha YUCITIOBOM MPSAMO:
0
1 4 9 16 25 36
O Takoll mOCIeI0BaTEIbHOCTH MbI OyJeM TOBOPHUTb, UYTO €€ Mpeaesa paBeH +o0, WM YTO OHa

e

pacxoaguTcCsa K +oo. AHﬂJ’IOFH‘IHO, O MOCJICOAO0BATCIBHOCTHU an :—nz, YJICHBI KOTOpOfI C poCTOM N

YXOJIAT BCE JalbII€ U JalbIIE BJICBO HA YHCIOBOUW MPAMOM, TOBOPST, YTO €€ MPENESl paBeH —oo,
WJI YTO OHA PACXOIUTCS K —o0.
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4) Unennl nocnenoparensHoctd a, =(—1)"-n®, mepeckakupas ¢ oJHO# cTopoHbl ocu OX Ha

JPYryro, ¢ poCcToM N TakXe YyIalslOTCsI Ha BCE Oonblllee U OOJIbIICE pacCToOAHUC OT Haydajia
KOOpAHWHAT:

o
v

-25 -9 -1 4 16
Tak Kkak 37€eMeHTHI 8, HE COXPAHSIOT ONPEIEJICHHbIH 3HaK, TO B 3TOM Cllydae OyJeM FOBOPUTH, UTO
mpeien JaHHOHW IMOCIIeIOBATeIbHOCTH paBeH oo (TO €CTh Mepe] CUMBOJIOM oo HE OyleM CTaBUTh
HHUKAaKOM 3HaK).
[

Ilepen Tem, kKak TEepedTH K CTPOTUM OINpPEACICHUSM, HAOMHUM OO0O3HAUEHUS JBYX
JIOTUYECKUX CUMBOJIOB, C TIOMOIIBIO KOTOPBIX COKPAIAIOT HEKOTOPBIC 3alUCH. A UMEHHO, BMECTO
dpa3 "mist moboro", "mias Beskoro", "mius Kaxaoro' 4acTo 3alMCHIBAIOT CUMBOJ YV ; BMECTO CIIOB
"cymectByet", "cymecTByroT" 3anuceiBaloT cuMBoil 3. Kpome Toro, rpedeckumu OykBamMu O U €
MBI OyZieM Bcerjia 0003Ha4yaTh MOJIOKUTEIbHBIE IEPEMEHHBIE, MOTYIIIE IPUHUMATH CKOJIb YTOJHO
MaJible 3HAYCHHUS.

Onpedenenue 3. & - OKPECTHOCTHIO TOYKHM A€R Ha3bpIBacTCSs MHOXKECTBO TOUeK XeR,
YIIOBJIETBOPAIOIIMX HEPABEHCTBY |X—a]<d (KOTopoe, KaK H3BECTHO, PABHOCHIIBHO IBOHHOMY
HEPaBEHCTBY a—d<X<a+d ).

0
I'eomeTpuuecku O - OKPECTHOCTh TOUKU a€R mpezacraBnser co0oil OTKPBITHIN MHTEPBAT

(a—S, a+6) YHCJIOBOM TIPSMON:

0-OKPECTHOCTH TOYKHU ad

o ry

a-o a—’l‘-5

o
yx<

Onpedenenue 4. 1) Yucno aeR nHazpBaeTcs mpenenom mocieqoBaTeIbHOCTH {an} , €cIu

V6>03N>0 (N — HarypanbHOe 9uci0), Takoe, 9To VN>N Uucio a, momamaer B O - OKPEeCTHOCTh
TOYKH A, TO €CTHh BBIIOJIHICTCS HCPAaBCHCTBO!

a—o<a,<a+d. (2)
Tort ¢akt, 4To @ ecThb mpeaen {an} obo3HavaeTcs cieayromum obpaszom: lima,=a.

n—o0o

2) B cmywae, ecnmu He CymIeCTBYyeT uuciaa a€R, yIOBIETBOPSIONIETO MYHKTY 1) JaHHOTO
OTpefieNieHusi, TOBOPAT YTO TMOCIEI0BATENbHOCTD {an} pacxoautcs (HE HMMEeT KOHEYHOTO

npezena).
3) Ecnu VM>0 (M — ckonp yromuo Oosbmoe umcno) IN>0, Ttakoe, uro Vn>N a,>M

(cooTBETCTBEHHO, a,<—M), TO TOBOpPSAT, YTO IOCJIEIOBATEIBHOCTD {an} pacxomuTcsa K +oo

(COOTBETCTBEHHO, PACXOIMUTCS K —o0 ), M 3TOT (PaKT 0003HAYAIOT ClIeNYIOIIM oOpasom: lima, =+

n—oo

(cootBeTcTBeHHO, lima,=—w).

nN—oo

4) Ecmm VM >0 (M — ckomip yromHo Oonbmoe ymcno) IN>0, takoe, utro Vn>N |a,[>M, To

TOBOPSIT, YTO MOCJIEA0BATEIEHOCTh {an} PacXoAUTCs K ©0, M 9TOT (PaKT 0003HAYAIOT CIIEAYIOIIM
obpazom: lima, =c0.

nN—o0
[l
YuTareno mpeiaraetcs J0Ka3aTh, YTO MOCISIOBATEILHOCTH, B3AThIE U3 MYHKTOB 1)—4)
nmpuMepa 2, COOTBETCTBEHHO YJIOBJICTBOPSAIOT IyHKTaM 1)—4) ompeneneHuss 4, TO €CTh, UTO

lim2"=0, lim(-1)"-(1+1/n) me cymectByer, limn?=-+oo, lim(—n?)=—w, lim(-1)"n*=w0.
Nn—>o ym Y n—oo n—>o n—w

n—oo
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CBolicTBa Ipezesna nociie10BaTeIbHOCTH

1. Ilpenen KOHCTaHTHI paBeH CaMOM 3TOM KOHCTAHTE, TO ecTh ecnin VNeIN a, =a=const, To
lima,=lima=a.
n—o0 n—o0

2. IIpenen cyMMBI IBYX TOCJIEJOBATEIbHOCTEH PaBEH CyMMe IPEIeIIOB STHX MIOCIIEI0BATEIbHOCTEH,
To ecTb eciu lima, u limb, cymecTByrot, TO

nN—o0 nN—o0

lim(a,+b,)= lima, +limb, .
n—oo n—o0

nN—oo

3. IlocTosIHHBIM MHOXKUTEIb MOXXHO BBIHECTH 3a 3HAaK Ipejena, TO ecTb ecnu C=const u lima,

n—>c0
CYyILECTBYET, TO

rI]Erol(c-an):c- Lma“ .
4. Tlpenen mnpousBeAeHHs IBYX HOCIEAOBATEIPHOCTEH PABCH IIPOU3BEICHHIO IIPEACNIOB ITUX
HocienoBaTeNnbHoCTeN, To ecth ecnu lima, u limb, cymectBytor, TO

nN—o0 nN—o0

lim(a,-b,)= lima,-limb, .
n—oo

nN—o0 n—oo
5. Ilpemen 4yacTHOro JABYX IIOCJIENOBATEIBHOCTEH pPaBEH YacTHOMY IpEAeNIOB  3THX
nocienoBaTenbHoCTel, To ecth ecau lima, u limb, cymecrtsyror n limb, #0, To

n—o n—o nN—oo
lima,

lim—=1—

ol limb,

n—oo
6. Eciu dieHbl OIHOM MOCIIEOBATEIbHOCTH HE MPEBBINIAIOT COOTBETCTBYIOIIMX UICHOB IPYroi
HOCJICIOBATEILHOCTH, TO U MPEAEN HEePBOil MOC/IEI0BATEIBHOCTH HE MPEBBIMIACT MPe/iesia BTOPOit
TIOCJIEI0BATENILHOCTH, TO ecTh eciii VNeIN a,<b, u npenenst lima, u limb, cymecrsytor, TO
n—o

n—oo

lima, <limb, .

n—o nN—o0

3aMeTI/IM, YTO C€CJIM BBIIIOJHACTCA CTPOIrO€ HCPABCHCTBO an<bn, TO IOCJE IEpexoa K

npeeny MOXET INOJy4HTcs paBeHCTBO. Hampumep, ecim a,=", a bnzﬁ, T0 a,<b,, omHaKo
lima,=limb,=0. Takum o0Opa3om, B 0oOmmeM ciy4ae CIEICTBHEM HepaBeHCTBa a,<b, sBisercs
n—o0 n—o0

HecTporoe HepaBeHcTBO lima, <limb, .

n—o nN—o0

7. Ecnm lima, =limb, =an VneIN a, <c,<b,, To npenen mocnenoBareapHOCTH {Cn} CYLIECTBYET

N—o0 n—o0
u
limc, =a.

Nn—o0
8. Ecmm mocnenoBaTenbHOCTH {Cn} orpaanueHa (to ectb dM:0<M<+o0, Takoe, uyto VNe NI
Ic,[€M),a lima,=0, To
nN—o0
lim(c,a,)=0.
n—oo

Jloka3aTenbcTBa CBOMCTB 1—-6 MbI omyckaeM. X MOKHO HalTH B JII0OOM yueOHHKE IO
MaTeMaTHYeCKOMY aHanu3y. JlokaxeM Jinnib cBoiicTBa 7 u 8.

Hoxazamenvcmso cBoiictBa 7. Ilonmp3ysck ompezneneHueM 4, pacmuiieM TOT (akT, yToO
lima,=a: V6>03N,>0:Vn>N, a-6<a,<a+6. Touno TO e cuemaem it limb,=a:

nN—oo nN—o0

v6>03N,>0: Vn>N, a—d<b,<a+d. Ilonoxum N=maX{N1,N2}. Tormga mpu n>N nBa

MOJIYYCHHBIC ,Z[BOI‘/JIHI:IG HCPAaBCHCTBA BbIIOJHAKOTCA OAHOBPECMCHHO U, CJICAOBATCIBHO, UMCCM:




Jexyus 2 no meopuu npedenos u oughepenyuansHomy ucuucieHuro

a—-d<a,<c,<b <a+d6 = a-d<c,<a+dé=limc =a. O

nN—o0

Hokazamenvcmeo cBoiictBa 8. Ilpexne Bcero ormeruM, 4to paseHcTBo lima, =0

n—oo

paBHOocmibHO — paBeHcTBYy  limfa, |=0. Mwmeem: 0<c |<KM=0<c, |{a,[KM{a,|. Tak xax
n—oo

lim(M1a, [)=M-lim|a, =0, To no coiictay 7 limc,a, =lim(c, Ha,l=0=lim(c,a,)=0.
N—o0 nN—o0 N—o0 nN—o0 n—o0
MoHoTOoHHBIE IIOCJICI0BATCIIBHOCTHU

Onpedeﬂeﬂue 5. HOCJ’ICI[OB&TCJ'IBHOCTB {an} Ha3bIBACTCI MOHOTOHHO BospaCTa}omeﬁ

(COOTBETCTBEHHO, MOHOTOHHO YyObIBatomei), ecnmn VNeINI a,<a,,; (COOTBETCTBEHHO, a,2a,,, ).
Ecin VNeIN BBINONHSIOTCS COOTBETCTBYIOIIME CTPOTHME HEPABEHCTBA, TO T'OBOPST O CTPOTOM
BO3PACTaHUU M CTPOTOM YOBIBAHUH MOCIIEA0BATEIbHOCTH.
U

Hanpumep, B mnpuMepe 2 NOCIEAOBATENBHOCTh 1) CTPOrO MOHOTOHHO YOBIBaerT,
TOC/IEI0BATENLHOCTL @, =N’ U3 MyHKTa 3) CTPOr0 MOHOTOHHO BO3PACTAET, a MOCIIEI0BATENBLHOCT
2) He sABISAETCS MOHOTOHHOM. [[JIsi MOHOTOHHBIX TOCJIEIOBATEILHOCTEN CIIpaBEJIMBA CIEAYIOMast
TeopemMa, 10Ka3aTeIbCTBO KOTOPOU BBIXOJMT 3@ PAMKH HalIel NPOrpaMMBl.

Teopema 1. 1) Ecnu mocienoBaTeabHOCTh {an} MOHOTOHHO BO3pacTaeT M OrpaHHYeHa
cBepxy (To ectb dM<+o0, Takoe, uto VNeIMN a,<M), To IaHHas MOCIENA0BATEILHOCTh UMEET
npenen, npuuem lima, <M.

n—o0
2) Ecnu mocnenoBaTenbHOCTD {an} MOHOTOHHO YOBIBAa€T U OrpaHHWYeHa CHU3Y (TO ecTh
IM>—c0, Takoe, uto VNeMNI a,>M), To qaHHas MOCIEIOBATEIbHOCT UMEET Mpenell, IpUIeM
lima,>M . 0

nN—oo

1 n
IIpumep 3. PaccMOTpUM NOCIIEI0OBATENBHOCTD @, :(Hﬁj . Ucnone3ys gopmyiny GuHOoMa

HeroToHa 1 PopMyity cyMMBbl F€OMETPUYECKON MPOrPECCHH, MOKHO J1I0Ka3aTh (J0Ka3aTeNbCTBO HE

CJIMILIKOM IPOCTOE), YTO 3Ta IOCJIEJ0BATEIbHOCTh MOHOTOHHO BO3pAacTaeT U OrpaHUYEHa CBEPXY

guciiom M=3. Ilo Teopeme | naHHas MOCIENOBAaTENbHOCTh HMMEET IMpEnes, KOTOpBIM, cienys

JL.D#nepy, o6o3HavaroT OykBoi €. [IpuOimKkeHHOE 3HAYCHUE YUCIIa € TakoBO: e~2,718281.
Onpedenenue 6. Yucio

e:Iim(lJrEj n . (3)

n—o n

HAa3bIBAETCS YUCIIOM Dujepa. 0
[Tpu u3yyenun noHATHS npezena GyHKIMN HaM TOHAI00UTCS Cleayrolee

0]’10608]187—11/[6 7. FOBOpHT, YTO IIOCICOOBATCIBHOCTH {an} CTPOro CTPEMUTCA K YHUCITY

aeR, ecnu lima,=a u VneIN BBINOIHSIETCS HEPABEHCTBO &, #a . U

nN—oo

Hanpumep, mocnenoBaTenbHOCTh A, =on 13 MyHKTa 1) mpumepa 2 CTpEeMHUTCS K HYIIIO

1+(-1)"

CcTporo. Hpe;[eﬂ KE MOCICA0BATCIBHOCTHU an = , KaK 3TO CJICAYCT U3 CBOIiCTBa & peaciioB

1+(-1)"

10CJIe10BAaTENbHOCTEHN, paBeH Hymo. OnHako a,= HE CTPEMUTCS K HYJIO CTPOro, TaK Kak

npu HeueTHbIX N a,=0.
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Jexyusa 3 no meopuu npedenos u oudphepenyuanbHomy ucuucieHuro

TEOPUS ITPEJIEJIOB
Jleknusa 3

Onpenenenue npenena GyHKIUN

Paccmotpum Tenepp neiictBuTenbHYO GyHKIMI0 Y= f(X) AelCTBUTEILHOM TIEPEMEHHON X
¢ obmacteio ompeaeneHuss D(Y), ¥ mycTh b — 1mub0O AeHCTBHTENBHOE YHCIIO, MO0 OECKOHEYHO
yaaeHHast Touka (TO €CTh +00, —00 HIIH IMPOCTO o0).

Onpeodenenue 8. 1) Ilpennonoxum, 4To CyIIECTBYET XOTsI Obl OJIHA IMOCIIEOBATEIHLHOCTD

{Xn}ch)(y), cTporo crpemsimasics k a. Touka b Ha3biBaercs mpenenom dynkuun y=f(X) mpu X

CTpeMsIIeMCs K 8, eclu AJisl 000U Mocie0BaTeIbHOCTH {Xn}c D(Y), CTpOro cTpeMsiieics K a,

BeInonHsiercst cootHomenue: liMf (X, )=b. Tor dakr, 4ro b sBisercs npenenom pynkiuu y= f (x)
nN—oo

IpH X cTpemsiieMcs K a, ooo3HadaroT tak: limf(x)=b.

X—a
2) IlpenmonioxxuMm, 4TO CYHIECTBYET XOTs ObI OJHA IOCIEI0BATEIHHOCTD {Xn}cD(y), CTpOro
MOHOTOHHO BO3pacTaroiias (COOTBETCTBEHHO, CTPOr0 MOHOTOHHO yObiBaromiasi) Kk a. Touka b
Ha3bIBACTCA JICBBIM (COOTBGTCTBCHHO HpaBI)IM) mpeaciiom q)YHKIII/II/I y: f (X) npu X CTPEMAILICMCA K
a, ecnu s JIFO0OHM  TOCIIEN0BATEIbHOCTH {xn}ch)(y), CTPOTO MOHOTOHHO BO3PACTAOMICH

yObIBalOIIE) K @, BBINOJHIETCS COOTHOIICHHE:
Iimof(x)=b (COOTBETCTBEHHO, IPABOro Ipejea:
X—a—

(COOTBCTCTB@HHO, CTpOro MOHOTOHHO

limf(x,)=b. Obo3nauenue neBoro mpexena:
nN—oo

lim £ (x)=b).

OTmeruM, 4TO U3 OIpelesieHUs] 8 cpa3y BBITEKAET, YTO €CJIM Ipenen (JeBbli mpene,
npaBblif Ipeen) QyHKIMK CYIIECTBYET, TO ITOT Mpeien eAMHCTBEHEH.
IIpumep 4. PaccMoTpuM QyHKIUIO

0

X
—, X<2
y=f(x)= 2 :
—X+5, Xx>2
Ee rpadux umeer Bu:
YA
Yahd3
Y20 IS 2
1772 SRRSO SOV
Y D

L
g

il

0

]

3ameTuM, 4TO naHHas QYHKIUA HE ompenesieHa B Touke X=a=2. OaHako 3TOT (aKkT He BIUSET HA
BBIYHCIICHHE TIpejiena (JI€BOTO Tpenaesia, MpaBoro mpenena) GyHKIUU IpH CTPEMIICHHUU X K ATOM

11



Jexyusa 3 no meopuu npedenos u oudphepenyuanbHomy ucuucieHuro

TOYKE, TaK KakK IOCIIEI0BATEIbHOCTh {Xn} , (urypupyroniass B ompeneneHuu 8, HE mocemiaet
IpEJEIbHYIO TOUKY a=2.

PaccMoTpuM cHauania moC/e0BaTEIbHOCTh {Xn} , CTPOr0 MOHOTOHHO BO3PACTAOILYI0 K
a=2, u oboznaunm Yy, =Tf (X, ). Tak xak VNeIN X, <2, TO, HCIOIB3Yys BHJ HaICH (QyHKIUH,
X,
2
MOYKHO BBIYHCIINTh AQHAJIUTHYCCKH, HCIIOJIb3YsS CBOWMCTBA Mpejielia MOCIeI0BaTeIbHOCTH (KOTOPBIE

noiaydaeMm: Yy,=—-. V3 pucyHka BUAHO, YTO IpU N—>00 MOCIENOBATEIBHOCTE Y, —>1. OTO TaKxke

. 1. 1
BEpHbI TaKKe A JIEBBIX M IpaBbix mpezpeno): limy, =—-limx,=--2=1. D10 o3Hauaer, 4TO
n—o0 2 N—o0 2
lim f(x)=1.
x—2-0
PaccmoTpum Teneps nociie10BaTeNbHOCTh {X,;} , CTPOr0 MOHOTOHHO YOBIBAaIOIIYIO K 8=2,
u obo3HauuM Y;=Tf(X}). Tak kak VNneIN X/ >2, T0, UCIIOJIb3Ys BUJ HaIleH (QYHKIIUHU, HOTydaeM:
Y ==X/ +5. Onare U3 pUCyHKa BHUIHO, YTO IPU N—>00 MOCIEIOBATENBHOCT Y, —3. OTO XKe
MOXHO Bbr4uCIUTh aHanmuthuecku: limy! =lim(—x/ +5)=—limx/ +5=—2+5=3. D10 o3Hauaer, 4TO
n—oo n—oo n—

lim (x)=3.

x—2+0

Slcho, uto limf(X) He cymectByer. JIeWCTBUTEILHO, PACCMOTPHM IIOCIECIOBATEILHOCTD
x—2

X1y X1y X5y X5 sy Xy XP1y s KOTOpAsl, OYEBHUIHO, CTPOrO CTPEMHUTCS K Touke a=2. OpHako i
HOCJICZIOBATEIbHOCTH ~ COOTBETCTBYIOLIMX  3Ha4deHuit ¢ynkuun  y=f(X), To ectp s
HOCJIEAOBATENBHOCTH Y, Y1, Yo, Yo, =Yy, Yy, TOIydaeM NPHOIU3UTENBHO TAKyI0 )K€ CHTYAIHIO,

KaKyl0 Mbl UMEJIH B MyHKTe 2) mpumepa 2. I[loatomy 3Ta mociemnoBaTenbHOCTh PACXOAMUTCS U,
cormacHo TyHKTYy 1) ompenenenust 8, momydaem, uro limf(x) He cymectByer. UYuraremto
X—2

IpeJJIaraeTcsi CKpymysae3HO MPOU3BECTH BCE HEOOXOAMMBIE PacCy X ICHUS.
0
IIpumep 5. TlepemecTuM mapajuieabHO caMoil ceOe mpaByro BeTBb Ipaduka U3 npumepa 4
Ha 2 enquHMIBI BHU3. [Tomyunm crnenyromuit rpaduk:

Ot1o0 rpa@uk GyHKIUH:

X
y=f(x)={ 2% .
—X+3, X>2

Paccyxnas Tak ke, Kak B mpuMepe 4, JErKo MOJIy4UTh, YTO Iirznof(x)=1, Iirznof(x)=1, U TIpezen
X—>2— X—>2+
(GYHKIMY TP X—>2 CYIIECTBYET U paBeH 1, TO eCTh IirT; f(x)=1.
X—>

O
[Tpumeps! 4 1 5 TOOYXIaIOT HaC CPOPMYIUPOBATH CIEIYIOUIYI0 TEOpEMY, J0Ka3aTeIbCTBO
KOTOPOH MBI OITyCKa€eM.

12



Jexyusa 3 no meopuu npedenos u oudphepenyuanbHomy ucuucieHuro

Teopema 2. Ecin Iimof(x): Iimof(x)zb, to limf(x)=b.

[
YuTaTesro npeiaractesi moAyMarhb, Kak MOKHO C(HOpMYIHPOBATH OOPATHYIO TEOPEMY.
Ilpumep 6. Paccmorpum ¢ynkmmio y=Inx:=log,X, roe e — HaTypaiapHOE YHCIO (CM.

omnpenenenue 6). M3 mKOIBHOTO Kypca MaTeMaTHKu u3BecTHO, uto D(Y)=(0,+00). Paccmorpum
TOUKy a=-—5. O4YeBUAHO, YTO HE CYHIECTBYET MOCIEA0BATEIHHOCTU {Xn}C]D(y), cTpeMsuieiics K
a=-5. Iloaromy OeccMBICICHHO TOBOpUTH O mpenene ¢yHkuuu Yy=InX npu Xx—-5 (uMeHHO
MO3TOMY B oOmpeneieHuu 8 TpeOyercsl CyIIeCTBOBaHHE XOTA Obl OJHOW MOCIEI0BATEIbHOCTH
{Xn } < D(Y), CTpoOro crpemsieics K npeelibHON TOUKE a).

[Tycte Tenepr a=0. fIcHO, 4TO HE CyHIECTBYET MOCIEAOBATEIHHOCTH {xn}c]D(y), CTpOTO
MOHOTOHHO Bo3pactatoiieii k a=0 (To ecTh 0 JIeBOM Mpefesie TOBOpUTh OeccMbIciieHHO). OnHako
CYIIIECTBYIOT IOCJIEI0BATEILHOCTH {Xn}cD(y), CTPOro MOHOTOHHO YyObIBaromme kK a=0

(HampuMmep, MOXHO B3ATh X”:F)' Jlerko Buzaets (mocTpoiite rpaduk!), UTO AT TAKHX

nocnenoBarenpHocTeil  limInx, =—oo. D10 o03Hawaer, uyro lim InX=—co0. Bwmecre ¢ 3tuM ¥u
n—o x—0+0

liminx=—o0.

x—0
CoiicTBa npenena GpyHKINH

Bo Bcex HIKemepeuncIIEHHBIX CBOMCTBAX, €ClM peub HaeT O ABYX ¢yHkuusax Y=Tf(X) u

y=0(X), TO mpexmonaraercsi, 4TO CYIIECTBYET IOCIEI0BATEIBHOCTD {Xn}ch)(f)mD(g), CTpOTO

CTpeMsIIasics K a.
1. IIpenen KOHCTaHTHI paBeH CaMOM 3TOW KOHCTaHTe, TO ecTh ecnu T (X)=C=const To

limf (x)=limc=c.
X—a X—a
2. Tlpenen cymmbl ABYX (QYHKIHI paBeH CyMMe MpeesioB 3TuX GyHKIUH, To ecth eciau limf(X) u
X—a
limg(x) cymecTBytOT ¥ KOHEYHBI, TO
X—a
lim[ f (x)+g(x)]=1im f (x) +limg(x).
x—a x—a x—a
3. [NocTOSHHBII MHOXKHTEIh MOXHO BBIHECTH 3a 3HAK IMpezesa, To ecTh eciau C=const u limf(x)
X—a
CYILIECTBYET U KOHEUEH, TO
lim[c- f (x)]= climf (x).
X—a X—a
4. Ilpenen npou3BeaeHNs ABYX (PYHKIMH paBeH MPOU3BEICHHUIO TPEIEIOB ATUX (YHKIIHIA, TO €CTh
ecmu limf (x) u limg(x) cymecTBytoT 1 KOHEYHBI, TO
X—a X—a
lim[ f (x)-g(x)]= lim f (x)-limg(x).
x—a x—a x—a
5. Ilpenen wactHOro ABYX (YHKIMA paBEH YaCTHOMY MPEIEIOB ATUX (PYHKIUH, TO €CTh €CIH

limf(x) u limg(x) cymectByrot, koneunst u liImg(x)=0, To
X—a X—a X—a

f(x) imf(x)

m =— .
=2 () limg(x)

6. Eciu B HEKOTOPOI OKPECTHOCTH TOYKH & (MCKJIrO4asi, ObITh MOXeT, camy Touky a) f(x)<g(x) u

npexensl limf(x) u limg(x) cymecryrot, TO
X—a X—a

13
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limf (x) <limg(x).
X—a X—a
7. Ecmu lim f (x)=limg(x) =b u eciu B HexoTOpO#t OKpecTHOCTH TOYKH A (HMCKITtOUast, ObITh MOXKET,
X—a X—a
camy Touky a) f(X)<h(x)<g(x) To npeaen pyukiuu h(X) cymecTByer u
limh(x)=b.
X—a

8. Ecniu B HEKOTOpOW OKPECTHOCTH TOYKHM & (MCKIIOYasi, ObITh MOXET, caMy TOYKY &) (PyHKIHS
y="f(x) orpanmuena (to ectb IM:0<M<+o0, Takoe, uTo B 310N OKpecTHOocTH |f(X)|KM), a

limg(x)=0, to

IXin;[ f (x)-g(x)]=0.

Jloxazamenbcmea BCEX DTHUX CBOWCTB HEMCIJICHHO CICAYIOT M3 OIIPCACIICHHA 8 u
COOTBETCTBYIOIIUX CBOMCTB nmpeacia nmocjiaceaoBaTCJIbHOCTH.

J
3ameyarenbHbIe IPeIEITbI
1. Iin(‘Jszl (TIepBBIit 3aMeyUaTeIbHBIN TPEL).
X—
T
Hokasamenvcmeo. IIpexe Bcero mokaxem, 4To MpH 0<X<E BBITIOJTHSACTCS HEPABEHCTBO:
C
A
B
x [
0 4
sinx<x<tgx 4)
O6o3naunm miomans cekropa AOB moctpoeHHOro emuHHYHOro Kpyra dyepe3 S. Torma
1 . sinx m-0OA*> X 1 tgx
Snos <S<S poc- UMeem: S, 5 =§-OA-OB-SInX= 5 S= o -X=§ v Sanoc =E-OA- AC=7.

Otcrona mnonydaeM BeinoidHeHue (4). IlomenuB HepaBeHcTBO (4) Ha  SINX, TOJIyYUM:

X 1 sinx sinx sinx sinx _ . ,X
—< <> >COSX <> —1<———<—C0SX < 0<l——<1-CcosX <> 0<l————<2sin" .
SinX  cosx X X X X 2

HpI/IMeHHH B TIOCJICAHEM HCPABCHCTBC JICBYIHO YaCThb HCPABCHCTBA (4), nojiygqacM HCEPABCHCTBO:

sinx _(x)° sinx  x? _osinx .
0<l—<2; > <:>0<1——<?. B cuny wetHocTH pyHKIIMH —— M X° mocienHee IBOMHOE
X X X

2

T T . X
HEPaBEHCTBO CIIPaBEUIMBO HE TOJBKO MPH O<X<E , HO U IIpH —E<X<O . Tak xak IIHQ?:O , TO IO
X—>

) sinx
CBOWCTBY 7 mpezaena GyHKIUU UMeEeM: IIm(l—T)=O , OTKyZla HEMEIJIEHHO CJIEAYET PaBEHCTBO

x—0

. sinx
lim——=1. 0

x—=0 X
. 1

2. Ilng(1+ X)x =€ (BTOpOIi 3aMeyaTeIbHbII TIpee).
X—>

Hokazamenvcmeo onyckaercs (CM. mpuMmep 3 u onpeeneHue 6). [
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Jexyun 4 no meopuu npedenos u oughepenyuansHomy ucuucieHuro

TEOPUS ITPEJIEJIOB
Jlexknusa 4
HenpepsiBHBIC HDyHKIIMH

Onpedenenue 9. dyuxims y=f (X) Ha3pIBacTCs HENMPEPHIBHOM B Touke a<D(Y), ecinu
limf(x)="f(a). (5)
X—a

Ecnu paBenctso (5) He BbinonHseTcs:, To GyHKus Y= f (X) Ha3piBaeTCsS pa3pbIBHOM B TOYKE a.

B mpumepax 4 u 5 paccmarpuBaeMble (PyHKIIMH HE OBUIM ONpEICICHBI B TOUKE X=a=2,
MIOSTOMY HE UMEET CMBICIIA TOBOPUTH O HEMIPEPHIBHOCTU ATUX (PYHKIMI B JAHHOM TOUKE.
Ipumep 7. PaccmoTpuM (yHKIHIO U3 IpEMeEpa 5, HO "moomnpenencHHy0" B TOUKe X=a=2:

X

—, X<2

y="f(x)=y 3/2,x=2 . (6)
—X+3, X>2
['paduk 3T0it HyHKIIMM UMEET BUA:

Vi CormacHo  ompeneneHuo 8,  BBIUUCISAA
npenen (QyHKuMM Opu X—>a MBI HE
3/2 @ * UCIIONb3YeM 3HaueHHe (DYHKIUU B TOUKE a.
j [losToMy mnpenen, BBIYMCICHHBIA HamMu B
B npuMepe S5, COXpaHseT CBOE 3HA4Y€HHE, TO

€CTh M B JAaHHOM Cliy4ae Iirrzlf(x):l.
X—

3HaueHue xe (QYHKUMH B TOUKe X=a=2,
| x cormacHO ¢opmyne (6), pasao f(2)=3/2.
2 \ " PaBeHCTBO (5) He BbINONHSETCA, MOITOMY
naHHas QyHKIHS pa3pbIBHA B TOUKE X=a=2.

['eomMeTpHUEeCcKH 3TO BHITIISIIUT KaK pa3pbiB TpaduKa B UCCIEAYeMOM TOUKE.

tl
Ilpumep 8. I3menum 3HaueHne (PyHKIMH U3 MpUMepa 7 TOJBKO B OJHOW TOYKE, MOJIOKUB
f(2)=1. I'paduk nmony4eHHON PYHKIIMUA UMEET BUJI:

y

[lepeonpenenennemM QyHKIMM B TOYKE
X=a=2 Mbl JUKBUIUPOBAIU  pPa3pbIB
rpaduka B 3TOM Touke. Temepp mosyyaem:
IxirrZI f(x)=1=1(2). PaBenctBo (5) wumeer
—

>

» Mecro, TO ecTh  JaHHas  (YHKIUS
HemnpepbIBHA B TOUKe X=a=2.

[
Onpeoenenue 10. Oynkuus Y= f(X) Ha3bpIBacTCS HenpepbiBHOW Ha MHOXecTBe JC D(Y),

€CJIM OHA HCIIPCPLIBHA B Ka)XJ0H TOYKE 3TOI0 MHOXKECTBA.

O

Jlerko BHMIETh, 4TO B NpuMmepax 4—7 uccieayeMble (YHKIUU HEMPEPBIBHBI BCIOJY Ha

YHCIOBOM MPSAMOI 3a UCKIIIOUEHHEM TOUKH X=a=2, a B IpuMepe 8 (hyHKIMs HEMpepbIBHA BO BCEX
TOYKaX IPSIMOM.

Crenyromiast ieMMa OyJieT MoJie3Ha MU JI0Ka3aTeNbCTBE CBOMCTB HEMPEPHIBHBIX (DYHKIIUH.
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Jexyun 4 no meopuu npedenos u oughepenyuansHomy ucuucieHuro

Jlemma 1. 1) Iycts limf(x)=b, ¢pyukmus u=f(X) cTporo MOHOTOHHO BO3pacTaeT (WU

CTPOT0 MOHOTOHHO yOBIBAa€T) B TEX TOYKAX OKPECTHOCTH &, B KOTOPBHIX OHA OIpeieNieHa, a QyHKIUs
y=g(u) umeer npenen npu U—b . Torma limg(f (x)):lingg(u) )
X—a u—>

2) Ecmu limf(x)=b, a o¢yukuus y=g(u) HenpepblBHA B TOuke U=Db, TO
limg(f(x))=g(b).

Jloxazamenbcmeo dTOH JIeMMBI IOUTH OYCBHUAHO U IMPEAOCTABIACTCA YUTATCIIIO.

CBoiicTBa HEMPEPBHIBHBIX (PYHKITHI

[MTocrosiHHast pyHKIUS HEMTPEPhIBHA.

CyMmMa JIByX HEIPEphIBHBIX (QYHKIIMI HEIIPEPhIBHA.

[IpousBeicHNE HEMPEPLIBHON (DYHKIIMK Ha YUCIIO €CTh HENPEPbIBHAS (DYHKIIUS.

[IpousBeicHUE IBYX HEMPEPHIBHBIX (DYHKIMH HEMPEPHIBHO.

YacTHOE JBYX HEMPEPBIBHBIX (DYHKIMI HENPEPHIBHO B TOYKAX, B KOTOPBIX 3HAMEHATENb HEPaBEH

HYJTIO.

6. CrnoxHast (GyHKIHsSA, COCTOSINAS W3 BYX HEMPEPHIBHBIX (PYHKIIMH, HEMpepbIBHA (OMpeaeIcHue

CIIOYKHOU (PYHKIIMH COAEPKUTCS B BBOIHOM JIEKI[MH B IIECTOM TIpaBuiie TU((epeHInpOBaHNs).

Hokazamenvcmeo. JI0Ka3aTenbCTBO CBOMCTB 1—5 HEMOCPENCTBEHHO —CIEAYIOT W3

COOTBETCTBYIOIIMX CBOMCTB npejeiia GyHKiuu. JlokakeM CBOUCTBO 6.

[Tycth pynkmus U= f(X) HempepsiBHA B TOUKE X=a (TO €CTh IXI_rE f(x)="f(a)), a byukius

agprpwdE

y=g(u) nenpepsiBHa B Touke U= f(a). [To mynkry 2) nemmsr 1 umeem: limg(f(x))=g(f(a)), to

ectb pynkuus y=g( f (X)) HempepriBHA B TOUKEe X=a .

O
Teopema 3. OCHOBHBIE 3J€MEHTapHble QYHKIUH (TO €CTh (PYHKIMM, NMpEACTaBICHHBIC B
TabJIMIIe TPOU3BOIHBIX U3 BBOJIHOM JIEKIIMK) HETIPEPHIBHBI HA CBOUX 00JIACTAX ONpPEeNCHHS.
Hoxazamenvcmeso. JIokaxxeM TeopeMy TOJBKO JUIsl TPUTOHOMETpHuYecKux (pyHkiuid. Bo-
MIEPBBIX, UCIIONB3Ys MEPBBIA 3aMEYATEIbHBIN IIPEAEII, MOIy4aeM:

. . SInX . SInx ..
limsinx=1im x=lim limx=1-0=0
x—0 x—>0 X x—>0 X x—0
. . ) X+a . x—a X+a
Janee, mo wu3BecTHOU (opmye: SInX—Slna:ZCOST‘SInT. Tak kak ZCOSTSZ, a 1o

. .. X—a . a—a
IpebIIyIEMY 3aMEYaHHIO U CBOWCTBY 6 HEMpPEepbIBHBIX (PyHKIMH IImSInT:sInTzo, TO II0
X—a

cBoiictBy 8 mpenmena ¢yukuuun wumeem: lim(sinx—sina)=0. Orcioga HEMEIIEHHO CIeayeT
X—a

cootHomenue liMsinX=sina, koTopoe W J0Ka3bIBACT HENPEPHIBHOCTh (GYHKIUH Y=SINX m0Opu
X—a

JIFOOOM JIE€NCTBUTEIBHOM a.
Jlis  noka3arenbcTBa HENPEPHIBHOCTH (PYHKIMHM Y=COSX JOCTATOYHO TNPUMEHUTh

) T .
(I)OpMy'J'Iy MPUBCACHUA COSX=S|n(X+Ej , HCIIPCPBIBHOCTL CHHYCa W CBOUCTBO 6 HCMIPCPBIBHBIX

GyHKUIUH.
HenpepsiBHOCTD QyHKIME Y=tgX 1 Y=CtgX (Ha cBOUX 00JAacCTAX ONpPEAEICHUs) CIeTyeT

N3 HCIIPCPBIBHOCTU CUHYCAa U KOCUHYCAa U CBOICTBA 5 HCETIPCPBIBHBIX (I)yHKHHﬁ.
[
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Jexyun 4 no meopuu npedenos u oughepenyuansHomy ucuucieHuro

Teopema 4. Bce anemenTapubie GyHKIUH (TO €CTh T€ (PYHKIIUU, KOTOPhIE 00pa30BaHbI U3
OCHOBHBIX AJIEMEHTAPHBIX (DYHKIMH C MOMOIIBIO KOHEYHOTO YHcia apu(hMETHUECKUX Omepanui u
B3SITUS CIIOKHBIX (DYHKIUI) HETIPEPHIBHBI HA CBOUX O0JIACTSX OMPEICIICHHS.

Hoxazamenbcmeo HEMEIUICHHO CIIEAYET U3 TEOPEMbI 4 M CBOMCTB HENIPEPHIBHBIX (DYHKIIUH.

J

DOxBHUBaJICHTHBIC (PyHKIIMH. beckoHeuHo Masbie pyHkuu (0.M.¢.)
u 6eckoHeyHO Oosbiue GyHkmuu (0.6.¢.).

B nocnemyromeii yacTu JaHHOM JICKIIUKA MBI MIPEIoaracM, 4Tto a — JIn00 JACHCTBUTEIHHOE
YUCII0, TM00 0JIHA U3 OECKOHEYHO yIaJ€HHBIX TOYCK: +00, —00 WJIHM IMPOCTO 00.

Onpedenenue 11. Oynxkumn y=Tf(X) m y=0g(X) Ha3bIBaIOTCS SKBHUBAJICHTHBIMH IIPH
X—a, ecnu

limt ) _
Xx—a g(X) (7)
O06o03HaueHue SKBUBaAJICHTHOCTH (yHKIMH TakoBo: f(X)~g(Xx)mpu x—a.

AHaJ'IOFI/I‘lHO OIIPCACIIAOTCA U O603Ha‘la}OTC}I 3KBUBAJICHTHLIC (byHKLII/II/I IIpu x—>a—0 nu
Xx—a+0.

[
3amMeTuM, YTO B CHJIy CBOWCTBa 5 mpenena (yHKIUH, paBeHCTBO (7) paBHOCHIBHO
g(x )
aBeHCcTBY lim———=
P y I o™t

Onpeoenenue 12. Oyukuus Y= f(X) Ha3biBacTcs OGeckoHeyHO Maioi (yHkimen (0.m.d.)
npu Xx—a, ecmu limf(x)=0. ®ynkuus y=f(X) Ha3piBacTCs OCCKOHEUHO OOJNBIION (YHKIMEH

X—a

(6.6.¢.) mpu Xx—a, eciu limf (x)=o0.

tl
Jlerko BHUAETh, YTO OECKOHEYHO Majas (YHKIUS MOXKET OBITh SKBHUBAJEHTHA TOJBKO
OeckoHEeYHO Majiol (PyHKIUH, a OECKOHEUHO OoJblIast PYHKINS — TOJIbKO OECKOHEYHO OOJIBIION.
Teopema 5. llpn Xx—0 crpaBennuBa ciegyronas eno4yKka S3KBUBAJICHTHBIX 0.M.(.:
X ~ SinX ~tgx ~arcsinx ~arctgx ~ In(1+x) ~e* -1 8
Loxazamenvcmeo. llepBas SKBHBaJEHTHOCTb — 3TO IPOCTO MEPBBIM 3aMeyaTeNIbHBIN
npenen. Bropas 5KBUBaJIEHTHOCTH CJIEYET U3 NIEPBOM U U3 HENIPEPHIBHOCTU KOCUHYCA!

. tgx . sinx 1 ._sinx 1 1
lim——=Ilim : =lim lim =
x50 X x50 X COSX %30 X x>0COSX COSO
arcsmx
JlokaxkeM TpeThiO0 HKBHBaJIEHTHOCTh. [IpencraBum =g(f(x)), rme g(u )—ST a
X inu

u=f(x)=arcsinx — ctporo MOHOTOHHO Bo3pacratomas pyHKIus. Mcnonb3ys myHKT 1) gemwmsl 1, a
TaK)K€ PaBEHCTBO IingarcsinX:O, ClIe/IyIoIlee U3 HEMTPEPHIBHOCTU (PYHKIIMU apKCUHYC, TOTydaeM:
X—>

. arcsinx _
lim———-= g(f(x))_llmg(u)_llm——l
x>0 X —0Sinu
quBepTaH OKBUBAJICHTHOCTH JOKa3bIBACTCS TaK Xe, KakK TpCTBfI. )onameM HSITYIO
SKBUBAJIEHTHOCTh. IMeeM:
~ o In(A+x) . 1
lim NA+X)
X

:Ilrrgln(1+x)X =lne=1.

x—0

31ech ObBUIM TIPUMEHEHBI CBOMCTBO JIOrapu(MOB, BTOPOW 3aMeUaTeNIbHBIA TMpeaena M MyHKT 2)
JeMMbI 1, KOTOpBIA ClielyeT W3 HEeNpepbhIBHOCTH jorapudma. s mokazarenbcTBa MOCIeAHEH
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Jexyun 4 no meopuu npedenos u oughepenyuansHomy ucuucieHuro

X

OKBHUBAJICHTHOCTH NpUMCHUM MNpEaACTaBJICHUC:

OB R

u=f(x)=e*—1 — cTporo MOHOTOHHO Bo3pacraromasi ¢pyHkuus. Mcmons3ys myHKT 1) memmsbl 1, a

TaKXXE€ paBE€HCTBO Iim(ex —1):0, CIIeayromee M3 HEIIPEPLIBHOCTU IOKAa3aTeILHOU (1)YHKI_[I/II/I,
x—0

HOJTy9IaeM:
limS 1—||m ((x)=limg(u)=lim-—-—
x>0 X g ~und In(l+u)
[
Cas3b Mexy 6.M.(. 1 6.0.¢. ycTaHaBIUBaET CIEAYIOIas
1
Jlemma 2. Ecniu nipu x—a f(x) — 6.0.¢., To ) — 6.m.¢. HaoGopor, eciiu mpu X—a
f(x) —o.m.0 1 0.0.0
—0.M.¢., TO —0.0.0.
T f(x)
Hokazamenbcmeo NPEIOCTABIISETCS YUTATEIIO. O

Teopema 6. Ilpu X—>o0 copaBeyIMBa CieAyIOIIas YKBUBAJIEHTHOCTh MHOI'OUWIEHA CBOEH
cTapuieil cTeneHu:

ax"+a X" +.+ax+a,~a x", €))
rae a,#0.
Jlokazamenvcmeo. NveeMm:
ax"+a . xX"'+.+ax+a, .. a .1 a, 1 a, 1
n h-i o im| L+ | =

lim . —+

X—o0 a, X X—o0 a, a, X a, x"
1

—1+ I|m— =1+0+..+0+0=1.

an X—>00 X a_ X—>00 X a‘n X—>00 X

[Tocnennue npeaenbHbIe COOTHOMIECHUS CIASAYIOT U3 JIEMMBI 2.
]
HpI/I BBIYHCIICHUU HpGI[GJ'IOB C IIOMOIIBKO JKBUBAJICHTHBIX (i)yHKHI/IfI BE€CbMa II0JIC3HA
cieayromas mpocras

Teopema 7. Ecmm mpu X—a  f(x)~g,(x) u f,(x)~g,(x), To

£,
00 g, (00 (10

B Cllydae, KOT/1a OJMH U3 ITUX IIPEIEIIOB CYIIECTBYET.
[Hoxazamenvcmeo. ImeeM:

L0 6,00 L007g,00 g0 MG g 00
li =l =li
00 0,00 008,00 % 0,00 Tim] 0079, 0] xflgxx)

]

3aMeTHUM, OJTHAKO, YTO €CJIM Jake BHYTPh OJHOW (DYHKIIMU 3aCYHYTh JIB€ SKBHUBAJICHTHBIC
(GYHKIMM, TO MOJIyYeHHBbIE (YHKIIMU, BOOOIIE TOBOps, OyayT HeIKBUBaJIEHTHBIMU. Hampumep, mno
Teopeme 6 mpu X—>0 X°+x°~x>. [MogcTaBuB > QyHKIME BHYTph QyHKIMH Y=€", HOTydnuMm

3 2 3
¢yukimu e u e* . Nmeem:

x3+x2

. 2
lim =lime* =+4o.

X—>0 e X—>0

X+X

To ecTh pu X—>00 PyHKIIUU € u € HeIKBHBAJEHTHEL
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Jekuyus 5 no meopuu npeoenoe u ougghepenyuansHomy ucuucienuio

TEOPUS ITPEJIEJIOB
Jleknusa 5
TexHuKa BBIYUCIICHUS TIPEICTIOB

B nanHoil nekuuu Mbl, B OCHOBHOM, Oy/IeM MMETh JIeJI0 C MpeleiaMH OT 3JIEMEHTapHbIX
byukuuii. Mcnonb3ys Teopemy 4, Jerko BBIUUCIUTH IMpeAen Takol (yHKIUH, KOrja TOYKa, K
KOTOpPOM CTPEMHUTCS apryMeHT, MNPUHAIICKHUT obnacTu ompeaeneHus (ynkuuu. PaccmoTtpum
COOTBETCTBYIOLIUI TIPUMED.

33 —5x%+7x+1

IIpumep 9. Bpraucouts npenen: b=Ilim > . Tak xak B TOuke X=-1
x>-1  X“—5X+6

3HaMeHaTedb (YHKIUH, CTOSIIEH TIOJ 3HAKOM Npelenia, HEepaBeH HYJII0, TO 93Ta (QYHKIUS
HenpepbiBHA B Touke X=—1. Cieayst onpeaeneHuto 9, s moacyera b 10CTaTOYHO BBIYMCIUTD 3Ty

3(—1)3—5(—1)2+7-(—1)+1_—14_ 7
(-1)?-5(-1)+6 12 6 -

Hama ocHoBHasg 3ajada — HAaydyuTCS BBIYUCIATH Ipeneibl, KOrja TOYKa, K KOTOpOM
CTPEMHTCS apryMEHT, HE NPUHAMICKUAT 00JacTH ompeneneHus (QYHKIUH, HO "TpUMBIKaeT" K

00J1aCTH OTpe/ICICHUSI.

. . 1 5
Ipumep 10. BblYMCAWTD  MPEICI: bzllm{(sm(—)—2COS(X—3D.()(2_5X+6)}.

dynkimo npu X=-1, T0 ecTh b=

Xx—3 X—3

OueBuaHO, TOUKa X=3 HE MPHUHAIJICKUT OOJIACTH ompeaeneHuss (GPyHKIUHU, CTOSIIEH MOJA 3HAKOM
npenena, MmodToMy ormpeneieHne 9 uHempumeHumo. OIHAKO, MEPBBIA COMHOXHUTENTb (DYHKIIUU,
CTOSIIEHN MO 3HAKOM TpeJieia, OTpaHuyeH Mpu X#3, TaK Kak

REGRUENISER WS

a BTOPOH COMHOXHTENb — 0.M.¢. Mpu X—>3, Tak Kak Iim(x2—5x+6):0. Ilo cBolicTBy 8 mpenena

Xx—3

< +2 <1+21=3,

byukiuu b=0. O
Crenyromasi TeopeMa akKKyMyJIHPYeT MpeaesibHbIe COOTHOIICHHSI, XOPOIIO M3BECTHBIC M3
IIKOJIBHOTO Kypca MaTeMaTHKH.

Teopema 8. 1) Ecnmu a>0, 1o lim x*=0, limX*=+w; ecnu sxe a<0, 10 liMm X*=+0, a

Xx—0+0 X—>+00 Xx—0+0
limx*=0.
X—>+©0
2) Ecniu a>1, 1o lima*=0, lima”*=+o0; ecimu ke 0<a<l, o lima*=+w,a lima*=0.
X—>—00 X—>+0 X—>—00 X—>+0
B yactHocth, lime*=0, lime*=+o0.
X—>—00 X—>+0
3) Ecnm a>1, To lim log, Xx=—c0, limlog,X=+c0; ecim sxe 0<a<l, to lim log, x=+w, a
x—0+0 X—>+00 x—0+0
limlog, Xx=—o0. B wactrocty, lim Inx=—o0, limInx=+o.
X—>+00 x—0+0 X—>+00
4) lim tgx=—oo, lim tgx=+oo, lim ctgx=+o0, lim ctgx=—c0.
n m x—0+0 x—>n-0
X_)7§+0 X—>570

. . T . . T . .
5) lim arcsmx:—z, lim arcsmx=5, lim arccosx=m, lim arccosx=0.

Xx—>-1+0 x—1-0 x——1+0 x—1-0
. T . T . .
6) limarctgx=——, limarctgx=—, limarcctgx=m, limarcctgx=0. 0
X—>—00 2 x>+ 2 xo—w X—>+0

Yurareno peKOMeHIyeTCsl IPOCMOTPETh BCE 3TH paBEHCTBA Ha rpadukax QyHKIUH.
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3anuieM HeKOTOpbhIE COOTHOIICHHUS], CBSI3aHHBIE C CUMBOJIOM oo. [I[puHUMas BO BHUMaHueE
JIEMMY 2, MOKHO 3aIliCaTh:

1 0 1

—=U, —=00,

00 0 (11)
Jlerko Taxxe 000CHOBATL CJICOYOINHUE COOTHOIICHUA (3,[[60]3 C— HCHYJICBas KOHCTaHTa):

w O 00 o0
C+00=00, C-00=00, 00-00=00, —=00, —=0, 00” =00, 07 =0. 12
0 (12)

HCOHDC,I[eHeHHOCTHMI/I 6yﬂeM Ha3bIBAaTh BBIPAXXCHUA BHUIA:

0 o

_1 _l O.wl OO! wo! 1wl w_w

0 « (13)
u T.4. CootHomenus tuna (11) u (12), a Taxke HeonpeaenenHoctu tuma (13) HeTpyaHO 3anucaTth 1
JUTSL CHMBOJIOB —00, +00 .

- 3x°-Bx*+7x+1
IIpumep 11. Beraucium nipeaen b=Ilim

. IIpuMeHnUB >KBUBAJIIEHTHOCTH (9
x>x  X°—B5X+6 P ©)

3

. oX . .
U TeopeMy 7, momaydaeM: b=lim—-=1im3x=3-limx=3-00=00. [locnennee paBeHcTBO B34TO U3 (12).

X—0 X X—>0 X—>00
]
Ipumep 12. Berauciaum mnpeaen b:Iim(\/ X% +2 /%2 +3). [Tepexos K mpeaety B KakaI0M
X—00
U3 PaJMKaIoOB, IOJy4aeM HEOIPEAEIEHHOCTh BHAa 00—o0. PasiennB W YMHOXXHB BBIpa)KEHHE,
CTOSIIEE 1101 3HAKOM IIPEJIENIa, Ha CONPSKEHHOE BhIpaXeHue \ X°+2++/X°+3, uMeeM:
(\/x2+2—\/x2+3)(\/x2+2+\/x2+3) (x2+2)—(x2+3) 1
b=Ilim =lim =

= =0
X0 VX2 4+2+4/Xx%+3 X220 X242 44/X2 43 +©

X-arcsinx

[

Ipumep 13. Bpruucoum npenen b=Ilim

—— . lloacraBuB X=0 oTmeIbHO B
X0 In(1+tg 7x2)

0
YUCIIUTCIIb U 3HAMCHATCIIb, y6€)KI[a€MC$I, 4TO MOJYYHUJIM HCOMPEACICHHOCTL BUa 6 . Tak xak npu

X—0 umeem X-arcsinx—0, To It YUCTUTEINS BEpHA LIEMOYKa SKBUBaJICHTHOCTEH pu X—>0':
e ™ 1 ~ x-arcsinx ~ x?.
AHaNOTHYHO, 1151 3HAMEHATES TTOJTydaeM:
In(1+tg7x?) ~ tg7x* ~ 7x°,
_x* 1
I[To Teopeme 7 b=IX|_r)lgﬁ=7 .

[Ipasuno Jlonurans

Ceiivac MBI IOKa)KeM, KaK MOXKHO BBIYHMCIISTH MPEIEIIbI, UCIOIb3Ys OHATHE TPOU3BOIHOM
(cM. BBOAHYIO JIEKITHIO).

Teopema 9 (npaBwio Jlomwurans). [lycte dynkmum y=71(X) u y=0g(X) ompeneneHsl u
nuddepeHIpyeMbl B HEKOTOPOH OKPECTHOCTH TOUYKU & (3a UCKIIFOUEHUEM, ObITh MOXKET, caMou
TOUKH a) U B 3T0i okpectHOCTH §' (X)#0. TIpeanonoxum, uTo:
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Jekuyus 5 no meopuu npeoenoe u ougghepenyuansHomy ucuucienuio

. . f(x
1) limf(x)=limg(x)=0 ( To ectp mpu X—>a ApoOb T npeBpamaercs B

9(x)
HEOIPEeIEHHOCTh THTIA 0 )i
. f(x) .
2) lim ' () =b (rme b — neiicTBuTeNBHOE YKMCIIO TUOO O/IHA U3 TOUECK: —00, +00 HIIH ).
X—a
. f(x
Torna Ilmﬁz :
X—a g(x)

Teopema ocraeTrcst crnpaBenIMBOM, eclid BMECTO yciaoBHs 1) moTpeGoBaTh BBHINOIHEHHE
CJIETYIOIIETrO YCIOBHUS:

. . f(x
1) limf(x)=limg(x)=c ( To ectb nmpm X—>a apodb — — TpeBpamIaeTCcsi B
x—a x—a g()()
o0
HEOIPEICIICHHOCTh THIIA — ).
o0

Mp1 ganguM J10Ka3aTeNbCTBO 3TOM TEOPEMbI IMOcie 0osiee TIyOOKOTO M3YYEHHS MOHSTHUS
IIPOU3BOJHOM.

U

3aMeTnM, 4TO Teopema 9 OcCTaeTcsl CIpaBeUIMBOM, eciu B ee (HOPMYIHPOBKE BMECTO

cumBosia lim Besme mucats lim wimm lim . B wacTHOCTH, MaHHas Teopema CHpaBeJinBa, KOraa
Xx—a x—a-0 x—a+0

X—>—00, X—>+00 MM X—>00.

Ipumep 14. Beruucium npegen b=lim————. OueBuaHo, 31eCh MBI HMEEM
T

HEOIIPEEIEHHOCTh TUIIA 0 [Ipumensem npasuito Jlonurans:

/
b timL2008X)” .

23inx_gsin£ V3
ot (3x-m)’ of 3 373 3

[]

_ 2
Ipumep 15. Beruaumenum npemen  b=Ilim x-In(—-arctgx). B cuny HenpepwsIBHOCTH
T

X—>+00

JgorapupmMuueckoi (GyHKIMH, MMyHKTA 2) 1eMMbl | U MyHKTa 6) TeopeMbl 8 Moixydaem, 4To mpeael

. 2 2 .

BTOPOTO COMHOXXHTEISI PaBEeH I|mln(—-arctgx =In| — limarctgx |=In1=0. To ectp B maHHOM
X—>+00 T TC X—>+o

cllydae MbI MOJIy4aeM HeompeaeneHHocTh thma oo-0. [IpeoOpasyem ee K HEONpPeIeICHHOCTH THUIIA

0

0 Y IPUMEHUM IpaBuiIo Jlonurans:

| (2 ) ) n 2 1
M) e 2arctgx m 1+x°
b=lim — === lim TR
X—>+00 X O X—>+00 —X
NG NG . 1 2

e lim = lim ————=— lim ——=—=.
woen(L4x?)-arctgx e X’-arctgx  xoarctgx  w

O
IIpu pewreHny mpeAbIAYIIEro IpUMEPA MbI UCIIOJIb30BAIM HE TOJBKO NpaBuio Jlonurans,

HO, 3aMEHHMB B 3HaMeHatene 1+X° Ha X°, mpuMeHunH >KBUBaneHTHOCTH (9). Ha camoM xerne, mpu
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Jekuyus 5 no meopuu npeoenoe u ougghepenyuansHomy ucuucienuio |

BBIUMCJICHUM MHOTUX TIpeleioB IMpUMEHeHue IMpaBwia JlonmuTans YacTo KOMOWHHpPYETCS C
MPUMEHEHUEM SKBUBAJIEHTHOCTEH.

Ilpumep 16. Nmeem:

(1 1 sin?x—x? . sin®x—x? 0 .. 2sinXcosx—2x
lim| ————— |=0—w=lim—————=lim—————=—=lim————=
x>0\ X" sin“x x>0 X°-SIN“X x>0 X 0 x>0 4x
I_msin2x—2x 0 _m20032x—2 0 'n‘_45in2X lim -8x 1
=lim—————== =lim————=—=Ilim im =
x>0 4x° 0 o0 12x° 0 x>0 24x  x>024x 3
l
Ipumep 17. 1) Hokaxem, uto eciu o.>0, To
i Inx 0
im .
X—>+00 Xa (14)
Inx oo - 1 1
[Ipumenss Teopemy 8 u npasuiio Jlonurans, umeem: lim——=—=Ilim——_z=lim——=—=0
x—>+oox 00  X—>+oQL-X X—>+0 O+ X o0
2) HokaxeM, uto eciau o.>0 u >0, To
lim In®x
im——=0.
x40 X (15)
B B
In®x Inx Inx ;
Umeem: lim——=Ilim| ——-| =| lim——| =0"=0.
X—>+00 X X—>+00 = X—+0 =
xP X
l
Ipumep 18. Jlokaxem, uto npu o €R
o
lim—-=0. (16)

ITpu a<0 pasenctBo (16) oueBuaHo. Ilycts a>0. IlycTh N — HauMeHbIIEE HATYypaJIbHOE YUCIIO,
YIOBJIETBOPSItOIIEE HEPABEHCTBY N=a . [Ipumensis N pa3 npasuio Jlonurans, norydnm:

X (x(a—l)(a—Z)-...~((x—n+1)X°‘_”:" a(a—1)(a—2)-.. (OL n+1)

lim—-=lim "
X—>+ooe X—>+00 e X—>+0 e X
]
Onpeoenenue 13. Bynem rooputb, uro ¢ynkuus y=Tf(X) "mMHOro Menpme" QyHKINN
y=g(x) mpu X—a (ob6o3Hauaercs f(x)<<g(X) npu x—a), ecim lim——= EX))
X—a
tl
U3 pasencts (14) u (16) cnenyer, uro ecau a.>0, To mpu X—>+00 Inx<< x“ <<e*.
Teopema 10. Ecim mpu X—a f(x)<<g(x), o f(x)+g(X) ~ g(x) nmpu x—a.
Jloka3arenbCTBO TPUBUAIBHO.
[l
1
Ipumep 19. Beraucnum npezen b= lim (4*+5x ) NnmeeM: In(4x+5X3)X :;-In(4x+5x3).
X—>+00
_ C oo o In(4*45x°) o« 4¥Ina+15x2 4%In4
ITo mpapmy Jlomurans lim In(4 +5X )X: lim————=—=lim———5—=Iim =In4
X—>-+00 X—>+00 X 0 xo+o 4% 4+5X X—>-+00

(B mpenmocienHeM paBeHCTBe Obuia mpuMeHeHa TeopemMa 10 u 3aMevaHue 1epea Hew).

1 1 : X 3l
- - . In( 4* +5x3) lim In{4*+5x7)x
OKOHYATENBHO: b:I|m(4X+5x3)X:I|me | Ko ( )

=g =e=4 0
X—>+00 X—>+00
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Jlexyusa 6 no meopuu npedenos u oudhepenyuansHomy ucuuciIeHuIo

JOKA3ATEJIBCTBA ®OPMYJI JUPPEPEHIIUPOBAHUSA

Jlexknus 6

Ota nekuus OyIeT MOCBSIICHA J0Ka3aTeabCTBY mpaBuil AuddepeHuupoBaHus U Gopmyn
U3 TaOMUIBl MPOU3BOJIHBIX JJIEMEHTApHBIX (YHKIUN (CM. BBOJHYIO JIEKLIHIO MO TEXHHUKE

nuddepeHITpoBaHHUs ).
JlokazarenbcTBa npaBwi AudepeHIIMpOBaHUS

Hoxazamenvcmeo npasuna 1. Ecmn y=f (X)=C npu Bcex X, TO

. f(x+AX)-f(x) .. c—c .
y' =lim ( )= ):Ilm =1im0=0.
AXx—0 AX AXx—0 AX  Ax—0
]

Lokazamenvcmeo nipaBuna 2. JleiicTByeM 1o onpeaeiaeHuro 1:
| [ F(x+2A%)+g(x+A%)] -] f (x)+9(x)] i f AT (x)

/ .
[f(x)+g(x)] :ALTO AX :AXHO AX
- 9(x+AX)-g(X) _ ., /
+lim ~ =f'(x)+g'(x).
U
Hokazamenvcmeo nipaBuna 3. Umeem:
-f Ax)—c- f f AX)—f
[c-f(x)]lzlimc (x+ax)—c (X):c-lim (x+Ax) (X):c-f’(x).
Ax—0 AX Ax—>0 AX
U

Jlewma 3. Juddepenuupyemas ¢GyHKIMsS HENPEpbIBHA, TO €CTh (B 0003HAYCHUSX
onpenenernus 1), ecnmn y' =f'(x) cymectsyer, To lim £ (x+Ax)="f(x).

Hoxazamenvcmeso. Ilpumensist cBocTBO 4 npenena GyHKINU, UIMEEM:

lim (f (x+Ax)— f (x))= Iim( o) f (X))-Ax: Iim( oA (X))-Iim Ax=f'(x)-0=0.
AX—0 Ax—0 AX AXx—0 AX AX—0
Tak kak 3mech f(X)— koHcTaHTa, TO M3 CBOWCTB 1-3 mpenena (QYHKIUU JIETKO BBIBOJMM
Tpedyemoe.
[

Hokasamenvcmeo mnpasuna 4. Ilpumensas omnpeneneHue NPOU3BOAHOW K (YHKIUHU

f (x)-g(x), momygaem:
[f(x)'g(x)]/: lim f(x+Ax)-g(x+Ax)—f(x)-g(x)
AX—0 A
_lim f(x+Ax)-g(x+Ax)—f(x)-g(x)+f(x+);x)-g(x)—f(x+Ax)-g(x):
Ax—0 AX
=Iim(f(x+Ax)— f(x))-g(x)+f(x+Ax)-(g(x+Ax)—g(x))=
AX—0 AX
_ Iim{ f (X+AX)— f(x)-g(x)+ (X AX). g(x+AAx)2—g(x)}

Ax—0 AX
FOEAI= T i o im £ (xe-ax)- im ICFAX) =90
AX—0 AX .

=lim
AX—0 AX AXx—0 Ax—0
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Jlexyusa 6 no meopuu npedenos u oudhepenyuansHomy ucuuciIeHuIo

Tpenensl apobeil B mocieaHeil cTpoke paBHbl, cootBerctBenno, f'(X) u g'(X). Tak kak g(X)—
KOHCTaHTa, TO Iimog(x):g(x). A 110 1eMMe 3 ToJIydaeM, 4To Iim0 f (Xx+Ax)=f (x). Takum obOpazom,
AX— AX—>

IPaBUIIO 4 10Ka3aHo.
U
Hokazamenvcmeo mnpaBuina 5. CHauana pacCMOTpPUM CiIy4ail ,KOrjJa YHCIHUTENb
TOKJIECTBEHHO paBeH eauHule. Mmeem:

1 1
(Lj i QOEA0 900 000-g0ckAx) 1 L 1 g An-g(x)
g(x) Ax—0 AX -0 g(X+AX)-g(X)-AX  g(X) ax-0g(X+AX) ax-0 AX
= 1 1 _g/(X):_g (X)

~g(x) limg(x+Ax) 9%(x)
AX—
PaBencTBO limog(X+AX):g(x) SIBUJIOCH CIICICTBUEM JIEMMBI 3.

[Tpumensis 4-e npaBuio AuddepeHIUPOBaHMS K TPOU3BOIBHON APOOU, TOTydaeM:
f0] [ 2] 1Y 0 £(0-0' (%) (x)-g(0-f(x)-g'(x)
Lxx)Hf(x) g(xJ -0 ghr+ 0 ) g i o S

U
Hokaszamenvcmeo mpaBuna 6. Ilyctb X — ¢dukcupoBaHo u {Xn} — TPOU3BOJIbHAS

II0CIIEJOBATEIbHOCTD, CTpOro crpemsmasics k X. O6oznaunm u=f(x) u u,=f(x,). U3 nemmsr 3
clenyeT, 4ro U,—>U TmpH N—>00, OJHAKO, BOOOIIE TOBOps, 3TAa CXOJMMOCTH MOXET OBITh U

HEeCTpOoro (mpuBeanuTe COOTBETCTBYIOHMA mpumep!). O003HauuM uepes {nk}kzlz{nl,nz,...,nk,...}

BO3pacCTarOmyr0 MOCJICHOBATCIIBHOCTE TEX HATYpPAJIIbHBIX YHCCIT nEN, 1A KOTOPBIX U, #U.
Ter[epL YiKe Unk—)u CTpOro Iipu k—)OO, a JIl OCTaJIbHBIX MHJIACKCOB nN (TO €CTh IIpH

o0
neN’\{ n, } ) BBIMOJIHSCTCSL PABEHCTBO U, =U. PacCMOTPHM TakKyio [OCICA0OBATENBHOCTE Z,,, UTO

g(u, )—9(u) -
Zn:ﬁ, eciu cymectByer Takoe K, 4ro n=n,, u Zn:g’(u), eciu neN'\{nk}kzl.

s

OuesusHo, uto limz, =g’ (u)=g’ (f(x)). Tak kak VneN g(u_ )-g(u)=z,-(u,—u), To

i 9 C0))=0(F09) . g(un)-9(u) (%)= (x)
X X, —X

n—o

T Un—u T . o /
n_X n—»w Xn_X _rI‘Lrl]o(Zn Xn—Xj_LETo]cZn rI‘lm _g (f(X)) f (X)

BBI/IJIy IMPOU3BOJIBHOCTH ITIOCJICA0BATCIBHOCTHU {Xn} , U3 OIPpCACICHUA 8 CJICOy€EeT, 4YTO

- g( f (x+Ax))—g( f(x))
Ax—0 AX

[a(+())] =g/ (£(x)- (%),

cymectByer u paser ¢ (f(X))-f/(x), 4To m nokaspiBaeT dopmyiy

BbIBOJ1 TPOM3BOHBIX CTETIEHHOM, MOKA3aTeNbHOM U TorapugmMuyeckon GyHKIUH

1
JlokaxkeM cHauana Gpopmyiy (Inx)/ =3 Nmeewm:

1 X

. In(x+Ax)-Inx . 1 X+AX) . Ax\ax 1 AX ' ax
(Inx)’:llmizllm—-ln(szI|mln(1+7j :—-Ilmln(1+7) .

AX—0 AX Ax—0 AX AX—0 X Ax—0
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AX
Tak kak X — mosokuTenbHass koHcTraHTa, To ——0. Ilpumensas 2-ii 3amedarenbHBIA Tpenern,
X

. AX ) ax
noaydaem: lim|{1+— | =e. Hcnomap3ys Tenepb MyHKT 2) JIeMMbI 1, IMEeM OKOHYATEIILHO:
Ax—0 X ’

1 Axy~ 1 Ax\ a1 1
(Inx) ==-limIn| 1+— | ==-Inlim|{1+—| ==-Ine==.
X X X X X

X Ax—0 Ax—0
Temneps nerko mosyyaercst GopmyIia sl IPOU3BOIBHOM JIorapu(hMUIECKOi PpyHKIHH:
/
(Iogax)/:(ln—xj :i-(lnx)/: L
Ina/ Ina x-Ina
BeiBenem mnpowsBOAHYO creneHHON QyHKiuu. [lpuMeHMM Tak Ha3bIBAGMbBIH METO]]
norapudmuueckoro nudpdepeniupoanus. Tak kak y=X*, to Iny=a-Inx. Juddepennupys ode

YJaCTHU MOJYYCHHOI'O PaBCHCTBA U ITPUMCHSIA B JIEBOM 4acTH LHCITHOC IIPaBHUJIO, HMCEM:

l. y/ :a‘.1 - y/ :a.x_l.y:a-x_l.xq =0, X
y X

ToT >xe MeTo1 MPUMEHHUM JJIs1 BBIBO/IA IPOM3BOIHOM MOKA3aTeIbHON (YHKINU:

a-1

X 1 / / X
y=a" = Iny:x-lna:>§-y =lna = y'=y-lna=a*-Ina.

BbIBOI TPOM3BOIHBIX TPUTOHOMETPUYECKUX (PYHKIIUN

[Tokaxem, yTo (Sinx)/ =C0sX . Imeem:

. / . .
(sinx) =lim =lim =limcos
AX—0 AX AX—0 AX AXx—0

Zsin(AX) cos(x+AX
sin(x+Ax)-sinx . 2 2 ( Ax)
= X+— | =C0SX

AX X
B npouecce BBI‘{I/ICJ'IGHI/II/I MBI HpI/IMeHI/IJ'II/I OKBHUBAJICHTHOCTH sm( 2 ~7 HpI/I AX—)O nu

HENPEPBIBHOCTh KOCUHYCA, BHIPA3UBIIIYIOCS B MIOCJIEIHEM PABEHCTBE.
Teneps, npuMeHss GopMyJibl IPUBEACHUS U LIETTHOE MPABUIIO, OTyYaeM:

(cosx)’ :(sin(x+g)) =cos(x+%)=—sinx .

Hanee:

(t )/ (sinx) (sinx)’ cosx— smx(cosx) cos X+sin® x 1
X) =

COSX cos’x cos’x  cos’x’
AmBanornygo BBIBOJUTCA IMTPOU3BOAHAA KOTAHI'CHCA.

BbIBo1 TPOM3BOIHBIX OOpPATHBIX TPUTOHOMETPUUECKHUX (QYHKIUI

Jlemma 4. Tlycts HempepbiBHas ¢GyHKius Y=g(X) c¢ obmacteio ompezaeicHus D(Q) u
MHOYECTBOM 3HaueHui J oOparTHa mo otHomeHuio K ¢GyHkiuu X=Tf(y), y xoTopoii B Touke

yeld f/(y)#0. Torna B coorBercTByIomeii Touke X=f(y) ¢yHkuus ¢ muddepeHuupyemMa u
cripaBeyrBa hopmyna:

9 =900 (g(x)) )
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Jlexyusa 6 no meopuu npedenos u oudhepenyuansHomy ucuuciIeHuIo |

Hokaszamenvcmeo. Ilycthb {Xn}c]D)(g) — MPOU3BOJIbHAS TOCJIEI0BATENBHOCTh, CTPOTO

crpemsamascsa K X. M3 ycnoBuil 1eMMsbl cienyer, 4to VNeIN CymecTByeT €AMHCTBEHHOE YUCIIO
y,€J, takoe, uro f(y,)=X,. Orcroma BbITekaeT, uro Y,=0(X,) U B CHIy HENPEPLIBHOCTU

ynkmu g limy, =limg(x,)=9(x)=y . Ilpu atom sicHo, 4to y,—Yy crporo. Umeem:
n—oo n—oo

- g(x,)-9(x) . YooV L 1 _ 1 11
fim X, —X iLrEf(yn)_f(y)_iLrﬂ f(y,)-f(y) _”mf(yn)—f(y)_f’(y)_f’(g(X))'
yn_y N—>e0 yn_y

BBI/I,I[y IMPOU3BOJIBHOCTH IIOCJICA0OBATCIBHOCTHU {Xn} , U3 OIPpCACICHUA 8 CJICOy€ET, 4YTO

lim g(x+Ax)—g(x) . . 1
C CTBYECT U PaBCH ———
so0 AKX YHEETBYE P T (9(x))

4TO U JoKa3biBaeT Gopmyiy (17).

[
BeiBeziem Temneps GopMyity Ui Mpou3BOIHON apkcuHyca. [lonoxkum y=g(x)=arcsinx, a
x=f(y)=siny. HzBectHo, uro ¢yukius Y=g(X)=arcsinx HempeppiBHAa Ha CBOCH o00JIaCTH

onpenenenus D(Q) =[—1,1] (cM. TeopeMy 3), UMeET MHOKECTBO 3HAUCHUN J =[—%, %} , Ha KOTOpOM
ompenenena obparnas et ¢pyukius X=f(y)=siny. I[Ipu stom Vy e(—g,g) (siny) =cosy>0. ITo
dopmyite (17) B cooTBeTcTBYIOIUX Toukax X €(—11):

1 1

(arcsinx)’ =

cos(arcsinx)  [1-sin?(arcsinx) v1-x>

. . T
W3 xopo1o u3BecTHOU HOpMyIIbI arCSInX+aFCCOSX:E HEMEJIEHHO TMOJTy4aeM:

/
T H -
(arccosx)’ =(——afCSIan =—(arcsinx)' =—=—.
2 1_X2

BeiBenmem ¢opmynny JUis TPOW3BOAHONM apkTaHreHca. [lomoxkum Yy=g(X)=arctgx, a
x=f(y)=tgy. Hseectno, uro ¢yukmus Yy=g(X)=arctgx HempepsiBHa Ha CBOeH o0JIacTH

T T
onpenencuus D(Q) =(—oo,+oo) (cM. Teopemy 3), UMEET MHOKECTBO 3HAYCHHIA J:(— ), Ha

2'2
KOTOPOM orpeeneHa oOpaTHast et byHKIMSA x="f(y)=tgy. [Tpu TOM
vy e(—g,g) (tgy)' = cos?y >0. ITo popmyse (17) B COOTBETCTBYIOIINX TOYKAX X &(—00,+00):
1 1
arctgx)’ = = = :
(arctgx) 1 1+tg®(arctgx) 1+x?

cos®(arctgx)
T
OnsTh U3 n3BeCTHOU (HOPMYIIBI arCth+arCCth=E MOJTy4YaeM:

/
(arcctgx)’ :(g—arctgx) =—(arctgx)’ =—

1+x2 "
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Jekuyun 7 no meopuu npeoenos u ougghepenyuansHomy ucuucienuio

YACTD 2: IPOU3BOJHASA U EE IPUMEHEHUME K HCCJIEJOBAHHUIO (I)YHKHI/Iﬁ
Jlexknus 7

['eomeTpuyeckuii CMbIC TPOU3BOIHON. Y paBHEHUS
KacaTeJbHON U HOpMalu K rpaduKy GyHKIHH

Teopema 11. Tlycte ¢ynkums Y=Tf(X) HempepsiBHa B Touke X=a. Torma Yy=f(X)
nuddepeHIpyemMa B TOUKe X=a B TOM H TOJBKO B TOM ciydae, Korna rpaduk JaHHOW (QyHKIIHU
uMeeT KacareibHyro B Touke A(a, f(a)), nenapamiensuyro ocu Oy. [Ipu sTom

f'(a)=tga, (18)
I O, — yroJI HaKJIOHA KacaTeJIbHOU 10 OTHOIIEHUIO K ocu OX .
Loxazamenvcmeso. 1locTponm yepTex:

Vi HamomuuMm, 4To KacareabHON K KpUBOM B Touke A
Ha3bIBAECTCS IPEIEIBHOE IIOJIOKEHUE CEKYIIEW NpsIMOU
AB, korma Touka B, naBurascr 1o JaHHOW KPHUBOH,
npubimxkaercs k Touke A (to ecth paccrosiaue p(A,B)

OO ) ,

r() Mex Iy Toukamu A u B ctpemutcs K HyIIH0).
[penmonoxumM, 910 X—>a CTPOTO , TO €CTh X

PHOITIKACTCSI K a 1o POM3BOIBHON

HOCJIEIOBATEILHOCTH, CTPOro cTpemsmieiics kK a (cMm.

onpeneneHue 7). Umeem:

£ (@)=lim =@ 5 CB_yiigp. 19)

x—a X—a x—>a CA x—>a

<y

Korma x—a, p(A B)=\/(x—a)2+(f(x)—f(a))2 —0 B cuiy HenpepbiBHOCTH (YHKIIUU
y=f(X) B Touke X=a. [loaTomy, ecinu mpenenbHOe Nojoxenue ¢ cekymeit AB cymiecTByerT, TO
T

OTCIOJIa CIIeAYeT, YTo 3—>al, IpudeM oc;tE, TaK Kak IO YCIIOBHIO TeopeMbl ¢ HemapamiensHa Oy.
[Tonb3ysich HEMTPEPBIBHOCTHIO (PYHKIMH TaHTeHC, u3 (19) momyuaem (18).
O6patHo, ecmu (@) cymectsyer, To u3 (19) ceayeT cymecTBOBaHHE KOHEYHOTO TIpeiena

. T T
limtgB. 13 HenpepsiBHOCTH (DyHKIMM apKTaHTCHC W M3 HEPABEHCTBA _§<B<E BBITEKAET, 4TO
X—a

npezaen liigB:liigarctg(th):arctg(liigtgﬁ) CYIIECTBYET U HaXOIWTCSA B MHTEpBAJC (—%,gj A
3TO O3HAYaeT CyLIECTBOBAHUE MPEAETbHOr0 nojoxeHus ¢ cekymeir AB, mpuuem / HemapalieibHa
ocu Oy.

U

Wrtak, paseHctBo (18) mokaseiaer, uto f'(a)=k, rae k — yrmoBoit kod>(pdummeHt

kacatenbHOM /. Ilpumensst popmyny (47) u3 jekuuil mo JUHEHHOHN anredpe M aHATUTUYECKOH
reomerpun (JIUIAAT), nonydaem ypaBHEHUE KacaTeabHOU /!

(: y=f'(a)(x—a)+f(a). (20)

Hcnonb3yss COOTHOIIEHHWE MEXIY YIJIOBBIMU KO3 (HUIMEHTaMH B3aWMHO TEPIEHIUKYISPHBIX

npsmbix (cM. opmyny (52) uz JIJIAAT), momyyaem ypaBHEHUE HOpMaiu N (TO €CTh MPSIMOM,
NPOXOJSIICH Yepe3 TOUKY KacaHus A U IEpIICHAUKYIIPHOH [ ):

n: y=— (x—=a)+f(a). (21)

1
f'(a)
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[TonsiTue nokanbHOro 3KcTpeMyMa. OCHOBHBIE TEOPEMBI
nudGepeHIATBHOTO HCUNCIICHUS

Onpedenenue 14. Toopsat, yto B Touke acR ¢ynkmusa y=Tf(X) uMeer JOKaIbHBIN

MaKCUMYM (COOTBETCTBEHHO, JIOKAJIbHBI MUHHUMYM), €CJIH CYIIECTBYET O-OKpecTHOCTh U TOUKM a
(cMm. ompenenenue 3), takas, uro VXeU f(X)<f(a) (coorBerctBenno, f(x)>f(a)). JlokanpHbie

MAaKCUMYMBI U JTOKAJIbHBIC MUHHUMYMbI Ha3bIBAIOTCA JIOKAJIBHBIMHU 3KCTPEMYMAMMU.

\7
y="f(x)

0] Y L 3 ' ;7
U

Ha npencraBieHHOM pHCYHKE B TOYKax a,,d,,d8,,8, QyHKuus y=f(X) nmeer joKaabHBIN
IKCTPEMYyM: B TOYKAaxX &, M a8, — JIOKaJbHBIM MHHUMYM, a B TOYKax da, W @, — JIOKAJIbHBIH
MakcuMyM. IIpu 3TOM BO BCeX 3THX TOUKax (DyHKIUS HENpEepbIBHA, HO TOJIBKO B OJHOH TOUKE @,
UMeeT KOHEUHYIO NMPOn3BOAHYI0. DyHKIHMS, IPECTaBICHHAs B IPUMEpe 7, pa3pbIBHA B TOUKE X=2
Y UMEET B ATON TOYKE JIOKAJTbHBIN MAaKCUMYM.

Crnenyromas Teopema, BbIpaxaromas co00W HEOOXOIUMBIN TMpU3HAK JIOKAJIbHOTO
DKCTpEMyMa, TTO3BOJIUT HaM JIeJaTh 3aKJII0YEeHHE O 3HAYEHUH MPOU3BOJHON B TOYKAX JIOKAITBHOTO
IKCTpEMyMa.

Teopema 12 (teopema depma). Eciiu B Touke X=a ¢yukuus y=f(X) auddepenuupyema u

MIMeeT JIOKaNbHEIH 9KkcTpemMyM, To T/ (a)=0.
Hoxazamenvcmeso. Tlycts, Hampumep, @ — TOYKa MHHUMyMa. Ecim mOcCieq0BaTeIbHOCTh
f(x,)-f(a
(n)-1()
X, —a

n

{Xn} CTPOr0 MOHOTOHHO BO3pacTaeT K a, To X,<a,a f(x,)>f(a), snaunr o

CBOfICTBy 6 npeaciia rmocjieA0BaATCIIbHOCTU UMCEM:

. f(x,)—-f(a)
"(a)=lim—m—",f—"<
P = =% (22)
AHaJOTUYHO, €N {Xn} CTPOro MOHOTOHHO yOBIBaeT k @, To X, >a, f(x,)>f(a) n
. f(x,)-f(a)
/ _ n
f (a)_mr;—xﬂ_ >0. (23)
13 HepaBeHcTB (22) 1 (23) cnenyer, uto f'(a)=0.
[

®opmyna (20) gaer cieayrolryo reOMeTpUYECKyI0 HHTepIpeTalio TeopeMbl depma: eciu
B Touke X=a ¢yukuus Yy=T(x) muddepeniupyema, To oHa B 3TOW TOYKE MMEET JIOKAIbHBIN

9KCTPEMYM TOTJIa M TOJBKO TOTJIa, KOTIa KacaTelbHasl, poBeeHHast K rpaduky dynkiun Y= f(X)
B Touke A(a, f(a)), mapamrensua ocu OX. UurtaTesro mpeiaraeTcsi HOCTPOUTh COOTBETCTBYIOIIUI

PHCYHOK.
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3ameruM, uro ycioBue f'(a)=0 HeIOCTATOYHO JUIS CYIIECTBOBAHHS JIOKAILHOTO
SKCTpeMyMa B Touke X=a. JleiicTButensHo, OQyHKIma Y=X° wumeer B Touke X=a=0
IPOM3BOHYIO, PaBHYIO HyIo, omHako npu X<0 y=x°<0, a npu x>0 y=x°>0. Takum o6pazom,
onpenenenne 14 He BemonHAeTCs. UNTaTeNO NpeIaraeTcs NoCTPOUTh Tpaduk GyHkmun y=x°.

B nanbreiniem HaM MOHATOOUTCS ClEmyrOIIas jJeMMa, J0Ka3aTelbCTBO KOTOPOW BBIXOIUT
3a paMKH Hallled MpOTpaMMBI.

Jlemma 5. Eciin dpynkius y=f (X) HenmpepblBHa HA KOHEYHOM 3aMKHYTOM HHTEpBAJIe [C, d] :

TO OHA OIPaHMYCHA HA ITOM MHTEPBaJIC, XOTs Obl B OJJHOI TOYKE 3TOr0 UHTEPBaIa NPUHUMAET CBOC

MHHUMAJIbHOE 3HaYeHWE M M XOTs Obl B OJHOM TOYKE 3TOr0 WHTEpBala IPUHUMACT CBOE
MakcHuMaibHOe 3HaueHue M.

U

Teopema 13 (teopema Pomns). Ilycte ¢ynkiums Yy=Tf(X) HempepblBHA Ha KOHEYHOM

3aMKHYTOM WHTEpBaJie [C, d] , mudepernupyema Ha uTepBasie (C,d) U yIOBIECTBOPSET YCIOBUIO

f(c)=f(d). Torna cymectsyer XoTs ObI 071Ha Touka a<(C,d), Takas, uro f'(a)=0.

Hoxaszamenvcmeo. Ecnu T (x)=const na [C, d] , TO B KQUECTBE 8 MOXKHO B35Th JIOOYIO TOUKY
y unatepBana (c,d). ITycts Ixg(c,d): f(x)>f(c)=f(d). ITo

/5\y £(%) JEMME 5 B HEKOTOPOH TOUKE ae[c,d] bynkuus y=T(X)
f(c)=1f(d)|. : ------- : NPUHUMAET CBOE MaKCHUMajbHOE 3HaueHue. SICHO, 4To B

' L » JaHHOM ciydae az#C m a=d. Ilostomy ae(c,d). Ilo
ol ¢ a d x

teopeme ®epma f'(a)=0.
Cayuaii cymectBoBanus Xe(c,d): f(x)<f(c)="f(d) paccmarpuBaercsi aHaJIOTHYHO.
[
Teopema 14 (teopema Komm). [lycts ¢ynkuum y=f(X) m y=g(X) HenpepblBHBI Ha
KOHCYHOM 3aMKHYTOM HWHTEpBaJie [C,d] u auddepennupyemsr Ha wuutepBaie (C,d). Torma

CYILIECTBYET XOTs ObI 0j1Ha Touka a<(C,d), Takas, 4To

(f(d)-f(c)-0' (@)=(g(d)-g(c))-f'(a). (24)

Hoxazamenvcmeo. Paccmorpum dpyHkimoo Y=F(X), 3ajaHHYIO ¢ TIOMOIIBIO ONPEISIIUTENS:
f) 9(x)
FO)=f(c) g(c)
f(d) g(d)

OueBunHo, Y=F(X) HempepbiBHa Ha [C,d] , maddepenmpyema Ha (C,d) u yHZOBIETBOpSET
yenoButo F(¢)=F(d)=0 (mocnennee BoiTekaeT U3 cBoiicTBa 3 onpenenutencii; cMm. JITTAAT). Ilo
Teopeme Posist cymecTByeT XoTs Okl ofHa Touka a<(c,d), takas, uro F’(a)=0. PacknanbiBas
OTIPEICTIMTEINb IO MEPBOI CTPOKe M Mpon3Boas auddepeHimpoBanme, Jerko NPUBOIUM MOCIETHEES
PaBEHCTBO K BUAY (24).
[

Teopema 15 (teopema Jlarpamxka). I[lycts ¢yHkims y=f(X) HempepblBHa Ha KOHEYHOM
3aMKHYTOM HHTEpBaJe [c, d] u nuddepennupyema Ha untepsaie (C,d). Torma cymecTByeT XOTs
Ob1 oHa Touka a<(c,d), Takas, 4To

f(d)-f(c)=f'(a)(d-c). (25)

Hokazamenvcmeso. JlokazatenbCTBO HEMENJEHHO cienyer u3 Gopmynsl (24), ecnm

MOJIOKHUTH (J(X)=X .

0
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HNHuTtepecen reomerpudeckuii cMbIich TeopeMbl Jlarpanka. Jliis Toro, 4ToObl HAMTH TOYKY 4,

VA noctpouMm npsimyro CD (kak moka3aHO Ha PHUCYHKE) H
D

OyneM TmepelBHraTh €€ napaiesbHO caMoil cebe 10 Tex
1op, MoKa OHa He CTaHEeT KacaTeJIbHOM K rpaduKy QyHKIIUH
y=1f(x) B Hekoropoi Touke A. AOcrucca a Touku A u

f(d)

1(c) OyIeT TOYKOH, VIOBIETBOpSIONIEH paBeHCTBY (25).

BD f(d)- f(c)
BC  d-c

JleiictBurensHo, f'(a)=tgo=

0 c a4

JokazarenbcTBO Teopembl 9 (rpaBuiia Jlonurarns)
Jloka3aTelnbCcTBO MPOBEIEM TOJIBKO NIl HEONPEIeICHHOCTH THIa 0 Hoonpenensiem, eciu

310 HeoOxomumo, ¢pynkuun y=Tf(x) m y=g(x) B Touke Xx=a pasenctBamu: f(a)=0, g(a)=0.
Torna u3 ycnoBuii 1) 1aHHON TEOPEMBI CIIEAYET, YTO 3TH QYHKIHMH HEMIPEPHIBHBI B TOYKE X=a .

[IpenmnonoxuM cHavanga, 4ro X,—>&, CTPOro MOHOTOHHO YObiBas. Tak Kak (GyHKIHUS
y=0(X) Ha uHTEepBaie [a,xn] YIOBJIETBOPSIET YCIOBUSIM TeopeMbl JlarpaHka, TO CyLIECTBYET
g, €(a,x. ), takoe, uto g(x,)-0g(a)=g’'(&,)(x,—a). Ho u3 ycinoBuii TeopeMbl 9 cremyeT, uTO
g’ (€,)#0 npu nocrarouno Gonpmmx N. CrenoBatensHo mpu Tex ke N g(X, )—g(a)=0. Mmeem:

f(x,) f(x,)-f(a)
" g(x,) T g0x)-g(@) (26)

Tak kak ¢pynkimun y=Tf(X) u y=g(X) Ha uHTEepBajC [a,xn] YIIOBIIETBOPSIIOT YCJIOBUSM TE€OPEMBI
Komm, T0 cymectByer m,<€(a,X,), Takoe, 4TO (f(Xn)—f(a))-g/(nn)=(g(xn)—g(a))‘f/(nn), a

Hockomsiy g (1. )%0, To f(xn)_f(a):(g(xn)—ggiz)))-f (n,)

f(6) . t'(n,)
I 00 g ()

Ho oueBuano, uto m,—a crporo. [loaroMy, npuMeHss ycioBue 2) TaHHON TEOPEMBI, IIOIy4aeM,

f(x)

40 nocieanuit npenen pasusercs b. To ects lim——-<=b, a 910 o3Hauaer, yro lim ——==b.

n»oog(x ) X—>a+0 g(x)
() f(x)

AHAJIOTHYHO JOKa3bIBaeTcs, yto lim =Db. ITo Teopeme 2 lim——=

x—a-0 g(X) x>a g(X)

. [loacraBnss 310 B (26), momydaem:

[]

f(x)

3aMeTuM, YTO W3 CyIIeCTBOBaHMs Tpenena |lim——- B oOmeM ciaydae He ClieayeT

x-a g(X)

X .1
CYIIIECTBOBAHHUE Tpe/esia Ilm ,(( ; PaccmoTpum, Hanpumep, QyHKIMH f(x):xzsm; u g(x)=x.
Scro, uto >t1 pynkimn uddepenmmpyemsr nmpu X=0 u g’ (x)=1#£0. Jlanee, Tak xak limx*=0, a

x—0

.1 :
sin—|<1 npu Xx#0, To mo ceoiictBy 8 mpenena ¢ynkuuu limf(x)=0. OveBuaHO TaKKe, YTO
X x—0

. 1
fx )_nm(xsm;j:o OIATH K€ MO CBOMCTBY 8§ mpenena (yHKUIUU.

limg(x)=0. 1 I'
x—>Og( ) MeeM (X) x—0

f'(x 1
Omnako lim ( )—Ilm 2XS|n —COS— |, a TOCIHeIHWI Tpenesll He CYIIECTBYET, ITOCKOJIBKY
x—0 g (X) x—0 X
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. 1 i 1
IIm(ZXSIn— =0, a limcos— He cymiecTByeT (IAEHCTBUTENBLHO, €CITM B3AThH IMOCIEN0BATEILHOCTD
x—0 X X

x—0

1
X, =———0, 10 c0s—=cosnn=(—1)", TO ecTh HEYETHBIC WICHBI MOJYUYCHHOMN MOCIEIOBATEILHOCTH
X

n
N ]

paBHBI —1, a yeTHBIE paBHBI +1; cp. ¢ MyHKTOM 2) TIpuMepa 2).



Jexyusa 8 no meopuu npedenos u oughpepenyuansomy ucuucieHuro

YACTH 2: TIPOU3BOJTHASA U EE IPUMEHEHUE K UCCJIEJIOBAHUIO ®YHKIUI

Jleknusa 8
HccnenoBanre Ha MOHOTOHHOCTD M HAXO0XKJICHHE SKCTPEMYMOB (DYHKITUHA

Onpeodenenue 15. Ilycte J — HEKOTOPBII WHTEPBAJ HA JEHCTBUTEIBLHON MpsSMOM. ['oBOpAT,
yro ¢yHkuus y=Tf(X) MOHOTOHHO Bo3pacTaeT (COOTBETCTBEHHO, CTPOTO MOHOTOHHO BO3pacTaeT)

Ha J, ecnu V' X, X, €J , TaKHX, 4TO X, <X, , BBIIOJIHACTCS] HEPABEHCTBO:
f(x)<f(x,) (cootB., f(x,)<f(X,)). (27)
Ecnu HepaBeHcTBa B (27) 3aMEHUTH Ha MPOTUBOTIOIOKHEIE, TO MOJy4aeM OINPe/IeIICHHe MOHOTOHHO
yOBIBaroIIei (COOTB., CTPOTO MOHOTOHHO YOBIBAIOIIEH ) (PYHKIIUH.
J
Teopema 16 (xputepuii MoHOTOHHOCTH). [lycTh dyHkmms y=f(X) muddepennupyema Ha
OTKpbITOM HHTEepBaie (C,d).
1) y=f(x) wmonotonHo Bo3pactaer Ha (C,d) Torma W TOJNBKO TOrAa, KO/
vxe(c,d) f/(x)=0.
2) y=f(x) ™monoronHo yoObiBaer Ha (C,d) Torma ® TONBKO TOrda, Koraa
vxe(c,d) f/(x)<0.
Hoxazamenvcmeso. JlokaxeM muiib MyHKT 1) (MyHKT 2) 10Ka3bIBaeTCsl aHAIOrH4uHO). Ecin
y=f(X) monoTtoHHO BO3pactaeT Ha (C,d), TO, 3aMEHUB B JIOKa3aTelbCTBE TeopeMbl depma

(Teopema 12) @ Ha X U IPOBOJIS PACCyXICHUS IO TOH ke cxeme, 0e3 Tpy/a MoJyyaeM HEPaBEHCTBO
f/(x)=0.

O6patro, mycts Vxe(c,d) f/(x)>0 u x,,X,€(c,d) Takme, uto X,<X,. ITo Teopeme
Jlarpamsxa (Teopema 15) cymecTByer Touka &e(X,,X,), Takas, ato f(X,)—f(x)="f'(E)(X,—X,).

Tak kak f’(£)>0, To u3 momydennoro pasenctra ciemyer f(x,)—f(x,)=0, wm f(x,)>f(x,).

]

[pumep 20. Paccmotpum  dynkmmio  y=f (xX)=x°. Tak kak

y4 , VX e(—o0,+0) f/(x)=3x*>0, To u3 Teopembl 16 cuemyer, uTo 3Ta

y=X (GyHKIMS MOHOTOHHO BO3pacTaeT Ha BCeW JEHCTBUTENBbHOM NpPSAMOA.

0 Jlerko BHIETH, 4TO HA CaMoOM jene Y=X’ CTPOro MOHOTOHHO BO3PACTaeT
X Ha (—o0,+00) (mokaxwure 310!). [Tpr 3TOM, oztHako, f’(0)=0.

U

[Mpumep 20 mokaspIBaeT, YTO B MOJHOM OOBEME aHAIOT TEOpeMbl 16 HE MOXET OBITh
cOpMyITHpOBaH IS CTPOTO MOHOTOHHBIX (PpyHKIMH. OHAKO CIIpaBeIIMBa CIIEAYIONIas Teopema,
JI0Ka3aTeIbCTBO KOTOPOI JJOCIOBHO MOBTOPSIET BTOPYIO YacTh J0Ka3aTelbCTBA TEOpPEMBI 16.

Teopema 17. Tlyctb pynkumus y=f(x) mupdepenunpyema Ha OTKpbITOM UHTEpBaie (C,d).

1) Ecim Vxe(c,d) f/(x)>0, o y=f(X) cTporo MoHOTOHHO Bo3pacTaer Ha (C,d).

2) Ecm Vxe(c,d) f/(x)<0, o y=f(X) crporo MonoToHHO yObIBaeT Ha (C,d).

U

Onpedenenue 16. Touka X=a Ha3bIBaeTCSI KpUTHYECKOH Toukon ¢yHkimu Y= f(X), ecnu

YAOBJIETBOPSETCA OJHO U3 CIECAYIOIINX TPEX YCIOBHIA:
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1) Touka X=a crammoHapHa, To ecth f'(a)=0 (cM. Teopemy 12);
2) B Touke X=a mnpomsBogHas f'(a) He cymecTByer, onHako QyHkums Y= f(X)
HETpephIBHA B 3TOH TOYKE;
3) dynkuus y=f(X) umeer pa3psiB B TOuke X=a.
J

[lpuaumas Bo BHUMaHHe TeopeMy Depma, JErKO BHIETh, YTO €CIU (PYHKIUS HMEET
JIOKAJIbHBIN SKCTPEMYM B TOUKE X=4a, TO 3Ta TOYKa SBJISIETCS KpuTndeckoi. OOpaTHOE HEBEPHO HU
B OJIHOM M3 CIIy4acB, MEPEUYHMCICHHBIX B omnpezeieHuHn 16. Yurarenro mpemiaraeTcs MOCTPOUTH
COOTBETCTBYIOIIHE TPAPHKH.

Onpeodenenue 17. Bynem roBoputh, uto pyHKIMsS Y=@(X) MeHseT 3HaK (COOTBETCTBEHHO,

HE MCHSCT 3HAKa) MpHU Iepexoje 4epe3 TOYKYy X=a, €Cld OHa OIpelelieHa B HEKOTOPOH O-
OKPECTHOCTH TOYKH @ (32 HCKIIIOYEHHEM, OBbITh MOXKET, CaMOW TOYKH @), COXpaHsAeT 3HaK Ha
untepBasiec (a—0,a) W Ha uHTEepBaIe (@,a+0) U 3HaKUW QyHKIUH Y=@(X) Ha ATHUX HHTEpBaJax

pa3IuyHbI (COOTB., OAMHAKOBBHI). O
Teopema 18 (nocrarounoe ycioBue skctpemyma). [lycte ¢pynknus y=f(X) HenpepbiBHa B

Touke X=a. Ecimu npu nepexoje uepes 3Ty TOUKy npousBojanas f "(x)

1) menstet 3Hak "+" Ha "-", TO X=a — TOYKa JIOKAILHOI'O MAaKCUMYyMa,;

2) mensier 3Hak "-" Ha "+", TO X=a — TOYKa JIOKAJIbHOT'O MUHUMYMa,;

3) HE MCHSICT 3HaKa, TO X=a HE ABJIICTCA TOYKOM JTOKaJIbHOT'O 9KCTpEMyMa.

Hoxazamenvcmso. 1) Tlycts Xe(@a—38,a), mociaenoBaTelbHOCTD {Xn} CTPOro MOHOTOHHO

BO3pacTaeT kK a M VN:x<X,. Tak xak Ha (@—9,a) Mpon3BOJHAS TaHHOH (YHKLIUH ITOJIOKHUTEIbHA,

To mo Tteopeme 16 f(x)<f(x,) ma Vn=l2,.. Ilpumenss cBoiicTBO 6 mpexena

IIOCIIEIOBATEIFHOCTU W HENpephIBHOCTH (yHKIMHU B Touke a, momydaem: f(X)<limf(x, )="f(a).
n—oo

Amnanornyno, mis Xe€(a,a+0) take momydaem f(X)<f(a). Ocraercs npuHATH BO BHUMaHHE
onpenenenue 14.

[TyHKT 2) 1oKa3bIBaeTCsl TOUHO TaK K€, KaK IMyHKT 1).

Hokaxem 3). [TycTs npou3BoHas 10 TOUKHU a U 1OCIIe TOUKH a uMeeT 3Hak "+". Paccyxnaas,
kak B myHkte 1), monydaem f(Xx)<f(a) npu xe(a—o5,a) u f(x)>f(a) npu xe(a,a+38). Eciu 6b1
B TOYKE X=a OBUI DKCTpeMyM (HampuMep, MaKCUMyM), TO CYIIECTBOBaJa OBl Takas TOYKa
Ee(a,a+d8), uro f(x)<f(a) nmpu xe(a,g). Cnemomarenbno, f(x)=f(a) mpu xe(a,§), Uro
IPOTHBOPEUYUT (B CHIIy TeopeMbl 17) cTpOoro MOHOTOHHOMY Bo3pacTtaHuio (yHkiuu Ha (a,8).
[TomyyeHHOE IPOTUBOPEYHE TOKA3BIBACT, YTO SKCTPEMyMa B TOUKE X=a HET.

]
Ilpumep 21. Halinem wuHTEpBaJbl MOHOTOHHOCTH W TOYKH JIOKAIBHOTO 3KCTpEMyMma
1
¢bynkuun y=f (X)=%(2X3+3X2 —36x—20) . OueBumHo, D(Y)=R. Haxoaum npou3BOAHYIO U 3aTeM

1 1
TIPUPABHUBAEM €€ K HYITIO, 4YTOOBI HAlTH KPUTHUECKHE TOUKH: Y’ :%(6X2 +6X—36):E(X2 +X-6);

y' =0 x?+x—6=0 < Xx,=—3,X,=2. Temneps, NPUMeHsT U3BECTHBIH U3 MKOJILHOTO Kypca "MeToN
UHTEPBAJIOB", 3aMIOJTHUM TaOIHILY:

X (—o0,-3) -3 (-3,2) 2 (2,+00)
y’ + 0 - 0 +
P 61 —_ 16 P
y 60 15
max /
[ min
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HanomHuM, uyTo B mepBOW cTpoke TaOJMIbl pacHUChIBaeTCs 00JacTh ompezeneHus (QyHKIuH,
pasnpoOJeHHas Ha HHTEPBAIBl KPUTHUYECKUMHU TOYKaMU. Bo BTOPOH CTpOKE ¢ MOMOIIIBIO "MTPOOHBIX
TOueK" BBIYMCISIOTCS 3HAKW IMPOU3BOJIHBIX HAa HMHTEpBaiax apooOseHus. [leiicTBUTensHO, eciu
MIPOM3BO/IHAS HEMPEPhIBHA BHE KPUTHUECKHUX TOUEK, TO OHA COXPAHSET 3HAK Ha Ka)XJI0M MHTEpBaJie
npobnenus. [loatomy [uis onpeaeneHust 3TOro 3Haka, JOCTATOYHO BBIUMCIUTH 3HAK B IIPOU3BOJIBHO
B3sATOM "mpoOHO#M Touke" wuHTepBana. Hampumep, 4TOOBI BBIYUCIUTH 3HAK IPOM3BOIHOM Ha

uHTepBaNe (—o,—3), 10CTATOUHO B3ATh, CKAXKEM, TOUKy X=—10, II0ICTABHTb €¢ B BBIpAXKEHHE Y’

¥ onpeneauth 3Hak ynciaa Yy’ (—10). OueBuaHO, 3T0 3HAK "+". TOYHO TaK e BHIYUCIAIOTCS 3HAKH
MPOU3BOAHON Ha OCTAJIbHBIX MHTEepBaax. Huxke Touek —3 u 2 craBuM yucio 0, paBHOE 3HAYCHUIO
MPOU3BOJHOM B 3TUX TOUYKAX.

B Tperbeit crpoke, onupasicb Ha Teopemy 17, cTpelkaMu YKa3blBaéM XapakTep
MOHOTOHHOCTH (YHKIIMM Ha Ka)XXJIOM HHTEpBaJie, a TaKKe 3aluicbiBaeM 3HaYeHUs (QYHKIHUH B
KPUTHYECKHX Toukax. Hipke 3THX 3HaueHu#, nmpumeHsiss Teopemy 18, oTMeuaeM HalWyue WU
OTCYTCTBHE JIOKQJbHOTO IKCTPEMyMa, a TakXke B BUAE Kycka rpaduka oToOpa)kaeM IMOBEACHUE
(GYHKIMHM B OKPECTHOCTU KPUTHUECKON TOUYKHU.

0

Ilpumep 22. HaiineM HHTEpBaJIbl MOHOTOHHOCTM M TOYKH JIOKAJIBHOTO OJKCTpeMyMma

x—2)° 3(x—2)*(x—3)* —(x—2)%-2(x-3
byHKIIMN y:ﬁ.I/IMeeM: D(Y) =(—0,3) (3, +0) u y'= (x=2) ( (3(_3()4 ) A ):
~ (x=2)*(x=3)(3x—9-2x+4) (x—2)*(x-5) ;- ) B .
= (x-3)° = (x-3) Hanee, Yy =0<(x-2)°(Xx-5)=0<=x%,=2,X,=5
(3aMeTuM, 4TO X, =2 — KpaTHblil KopeHb). [locTtpoum Tadaumy:
X (—0,2) 2 (2.3) (3.5) 5 (5,+)
y/ + 0 + - 0 +
y 4
// _/
min
HeET extr

3amMeTHM, YTO MbI HE BHECIIM B TAOJHIly 3HAUCHHUE apryMeHTa X=3, TaK KaKk OHO He BXOIUT B D(Y)
U, ClIeI0BaTENbHO, OECCMBICIEHHO TOBOPUTH 00 SKCTPEMYME B 3TOM TOUKE.
O
Ilpumep 23. HaiineM wuHTEpBaibl MOHOTOHHOCTM M TOYKHM JIOKQJIBHOTO JKCTpeMyma
dynxmmn y=x’e™*. Umeem: D(Y) =R u y' =3x’e *—x%e *=e*x*(3-x). lanee, y' =0<=
< X?(3-x)=0<>x,=0, X,=3 (X,=0 — mByKpatHbIii KOpeHs). CocTaBUM TabIHILY:

X (-0, 0) 0 0,3) 3 (3,+x)
y/ + 0 + 0 —
y s
/ max
HeT extr /—\

[

3amMeTuM, 4yTO B IpUMepax 22 ¥ 23 MMEHHO JIBYKpaTHbIE KOPHH MPOU3BOAHOMN SIBIISIIMCH

KPUTHUYECKHMMH TOYKAMHU, HO HE SKCTPEMyMaMHU COOTBETCTBYIOIIMX (pyHKIMiA. Jlerko gokaszare, 4To

€CJIM MPOU3BO/IHASI HEMPEPBIBHA U €€ KOPEHb UMEET YETHYIO KPAaTHOCTh, TO OH HE SIBIISETCS TOUKON
HKCTPEMyMa UCCIIEAYeMOM (PYHKITHH.
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Ilpumep 24. Halinem HHTEpBajIbl MOHOTOHHOCTH M TOYKHM JIOKQJIBHOTIO JKCTpeMyMma
byHKIIUH y:2|X+2|+3§/F. HNmeem D(Y)=R, ogHaKo MOXHO J0Ka3aTh, YTO B TOUYKE X=—2
npou3BoaHas Yy’ He cylIecTBYeT (37eCh CKa3bIBAaeTCA HEONArONpPHATHOE BIMAHHE wieHa 2)X+2|).
HerpymHo Takxe BUIETh, uTo Y He cymecTByeT B Touke X=0 (MOXHO CKa3aTh, 4TO B 3TOH TOUKeE
MPOM3BOHAS paBHA OeckoHeuHocTH). Eciim X>-2, 10 Y= 2x+4+33\/_ y' =2+ 2 2(§/_+1)

TR
y’ =0 ¥x+1=0=x=—1<x=-1. Ecnu xKe X<-2, TO y=—2x—4+33\/7,
2 20-¥x)

y =—2+ \/; 3{/; u y' =0<¥/x-1=0<x=1. OmHako 5TOT KOpEHb HE MPUHAIICIKUT

paccMaTpUBacMOMY HHTEpPBalIy W IMOJTOMY JIOJDKEH OBITh OTOpomieH. MTak, MBI MOJYYHIH TpU
KpUTHUYECKHE TOYKM (cM. ompezeneHue 15): toukn X;=—2 u X,=0, B KOTOpBIX (yHKIHA

HETIpEephIBHA, HO IIPOU3BOHASA HE CYIIECTBYET, U CTALlUOHAPHYIO TOUKY Xj =-1.

X (—o0,—2) 2 (-2,-1) -1 (-1,0) 0 (0,+)
y/ - HE CyIL. + 0 - HE CymI. +
T 3%/2 — S T 4 —v
y
\V; max N
min m min

[
ngwvzeg 25. HaﬁHCM HUHTCpBAJIbI MOHOTOHHOCTH MW TOYKH JIOKAJBHOI'O0 JKCTpEMyMa

1 x
arctg—+—, x=0,
dynkmn y=f (X)= X 2 . SIcho, uto D(y) =R. Jlast TOro, 4TOObI BHISICHUTB, SIBISICTCS

7T
—, X=0.
2

aM JaHHasg (QyHKIMS HenpepbiBHOW B Touke X=0, BBIYMCIUM €€ JIEBbI W NpaBblii mpenen npu

X
Xx—0. Hmeem: IImOf(X)— IIm arctg +I|m E_TO_“”O) (cM. myHKT 6) Teopembl 8).

1 X
Opnako, 1Mo TOU ke Teopeme IIm f(x)— IIm arctg—+ “moE_ E+O_ E;t f(0). IMostomy x=0 —
TOYKa pa3pbiBa JJaHHOW (YHKIIMU M POU3BOIAHOM B 3TOW TOUKe y Hee HeT. [Ipu x#0:
;1 ( 1 ) 1 1 1 x*-1

T GE) R e T 2(x*+1)
1+X72

u y=0sx*-1=0<x=-1%,=1. HUrak, Mb

HOJYYMIIM TPU KPUTHUYECKHE TOUKH (CM. onpeneseHue 15): cranroHapHele Touku X,=—1 u X,=1n
TOUKy pa3pbiBa GpyHKIMH X;=0. [TocTponm Tabmuiy:

X (—o0,—1) 1 (-1,-0) 0 (0,1) 1 (L+0)
y' + 0 - HE CYIII. - 0 +
_—v T 1 T e T n 1 _—v
y 1 2 a2
max - W
max min

Tak xak Touka X,=0 He moanana noj ycjaoBus TEOPEMbI 18, TO MbI MOTYYMIIM HYKHBIH HAM BBIBOJ
C Y4E€TOM BBIYUCIIEHHBIX JIEBOTO U IIPABOTO MpEIena. 0

10
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YACTH 2: TIPOU3BOJTHASA U EE IPUMEHEHUE K UCCJIEJIOBAHUIO ®YHKIUI

Jlexknusa 9

AcumnTotsl rpaduka ¢pyaknun. [Toctpoenue scku3za rpaduka GyHKIIN

[Tycte nanbl ¢ynkuus y=f(x), npsamas ¢: AX+By+C=0, Touka M(X,f(x)) Ha Tpaduke
¢ynkimn y=f(X) u 0003Haunm yepe3 M’ mpoekiuto Touku M Ha npsimyro /.

Onpeodenenue 18. Tlpsamas /: AX+By+C=0 Ha3piBaeTcs J1eBOCTOPOHHEH (COOTBETCTBEHHO,
PaBOCTOPOHHEH) acuMnToTON rpaduka ¢pynkuuun y=f(X) B Touke X=a (@ MOXeT MPUHUMATH U

OecKOHEeYHbIE 3HaUCHHUs ), eclii pu X—>a—0 (cooTB. mpu X—>a+0) p( M, O)=1/X2 +f2(X)>+w, a

p( M, M ’)—)O (rme p( M, M ’) — paccrosiHre Mexay ToukaMmu Mu M').

U
N3BectHo (cm. JIJTAAT), uro ypaBHeHue npsiMoi ¢/ MOXKHO 3amucarh Jubo B BuAE X=a,
1100 B Buae Yy=KX+Db.

Teopema 19. Tlpsmas /(:X=a (3mechb @& — KOHEYHOE YHUCIJIO) SIBISETCS JIEBOCTOPOHHEH
(COOTB., IPaBOCTOPOHHEH) acUMIITOTOH Tpaduka pyHkuuu Y= f(X) B TOUKe X=a TOrzAa U TOJIbKO
TOTJa, Koraa

lim f(x)=o (cootB, lim f(x)=x). (28)
x—a-0 x—a+0
Hokasamenvcmeo. [IpoBesieM 10Ka3aTeNbCTBO TOIBKO JUIsS IEBOCTOPOHHUX ACHMIITOT.
Ilycte /:X=a — 7€BOCTOpOHHAA acumnrora. IIpumenss

onpenenenue 18, momydaem:
Iimof 2(x)= |im0(p2(M,O)—Xz)z+oo—a2=+oo = lim f(x)=o.

x—a—-0

OO0patHo, ycTh Iimof (x)=o0 .Toraa sicio, uro lim p( M, O):+oo

x—a—0

u Iimop(M, M'): Iimo(a—x)=0, TO €CTh IO OmpeeNeHuto 18 /i x=a —

-
Ll

X  JI€BOCTOPOHHSS aCUMIITOTA.

[

3aMeTuM, 4TO TpsiMasi {: X=a He MOXeT ObITh acUMNTOTOH rpaduka Gpynkiuu y=f(X) Hu

B ONHOH Opyroii Touke a=a (mokaxure 5T0!). ACHUMNTOTHI BUaa /:X=a 4YacCTO HA3bIBAIOT
BEPTUKAIbHBIMUA ACUMIITOTAMH.

Crneocmeue. T'paduk (yHKIIMK, HENpephIBHOW Ha BCEW YHCIOBOW MPSMOW, HE HMeEEeT

BEPTUKAIBHBIX ACUMIITOT. O

Teopema 20. 1)Ecniu npsmas  (:y=Kx+b  sBusercs JeBOCTOpOHHEW (COOTB.,

NPaBOCTOPOHHEH ) acMMNTOTO#H rpaduka ¢pyHkiuu Y= f (X) Ha OECKOHEUHOCTH, TO

k:XI_i)rrL% (cooTs., kleirpw¥) (29)
nu
b= lim (f(x)-kx)  (coots., b=XIirI1w( f(x)—kx)). (30)

2) Ecnau mpenenst (29) u (30) cymiecTByOT M KOHEUHBI, TO mpsimast (:y=KkX+b sBasercs
JICBOCTOPOHHEW (COOTB., TPABOCTOPOHHEH) acumnToTod rpaduka ¢yHkuun Yy=TF(X) Ha
0ECKOHEUHOCTH.

11
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Jloxazamenbcmao. I[OKaSaTeJ'IBCTBO IMPOBECACM TOJIBKO IJIA HpﬂBOCTOpOHHeﬁ ACUMIITOTBI.

VA o £ y=kx+b 1) Iyctp ¢:y=kx+b — nmpaBocTopoHHSss acumMnToTa
- s rpadpuka ¢Gyakmun  y=f(x) (cm. pucyHok). Hmeem:
~ MM’ MM’
kX+b ................ - —f(X) f(X)=kX+b_MM=kX+b_—~=kX+b_ y
FOO| ot Y= cos/M'MM cosa
5 ‘M rme MM’'—>0 mnpu X—+4o0o (cMm. omnpenencHue 18).
//'/;_ M’
Sl > Cre1oBaTeNbHO, IIm ( f(x)- kx)— lim (b——j =b, wuro
0] X X X—>+00 CcOoSoL

nokasbiBaeT paBeHCTBO (30). Temeps (29) cnenyet u3 (30):
100 Iim(@ﬂ): fim O Pk

X—>+0 X +00

Xx—>+0o X X—>-+0

2) OGpartHo, nyctb nipeaeisl (29) u (30) cymecTByOT U KOHEUHBI. ONsTh U3 COOTHOUICHUS

f (x)=kx+b—MM nonysaem: lim MM= lim(b—( f (x)—kx))=b— lim ( f (x)—kx)=b—b=0. Tax xax
p(M,M)=[MM'KIMM|, 10 limp(M,M")<Iim|MM[=0, 10 ects  limp(M, M")=0.

X—>+0

Cootnomenne limp(M,0)=+00 oueBunHo. Takum oOpazom, ¢:y=kx+b — mpaBocropoHHss
X—>+00

acumritora rpaduka Gyakiuu y=f (X) Ha OECKOHEYHOCTH.

J
3ameTnM, uto npsmas /:y=kx+b He moxer ObITh acumnToTOl Tpaduka yHkuu Y= f(X)

HU B OJHOH TOYke azx+oo (mokaxure 3T0!). AcumnToThl Buaa /(:y=KX+b wyacto Ha3bIBaioT

HaAKJOHHBIMM acuMnToTamMu. B 4aCTHOCTH, CCJIH k=0, TO TaKKM€ AaCHMIITOTbI HAa3bBIBAIOT
TOPHU3OHTAJIbHBIMHU.

Teopema 21. Tlycte y=f(X) — paunonanbpHas apoOk, TO €CTh
a, x"+a, X" +.+a,x+a,

f(x)=
b, X™+b, X" +.+bx+b,
rac a.n ;tO, bm #0 , IPpUYEM YUCIIMTCIIb U 3HAMCHATCJIIb HC HMCIOT OJMHAKOBBIX ,Z[eI\/’ICTBI/ITeJ'IBHBIX

kopHen. Torga:
1) ecim X, — HeHCTBHUTENBHBIA KOPEHb 3HAMEHATeNsl APOOH, TO (:X=X, — BEepTHKAJIbHAs]
acummnrora rpaduka yakuun y=f(x);
2) rpaduk Gynkuun y=f(X) nMeeT HAKIOHHBIE ACHMOTOTHI TOT/Ia U TOJIBKO TOTA, KOTIa
N<mM+1; mpy ATOM HAKJIIOHHBIE ACUMIITOTHI B TOUYKAaX —00 M +00 COBIAJAf0T.

Hokaszamenvcmeo. Jloka3aTenbCTBO MyHKTa 1) MPOCTO W MPEAOCTABISIETCS UYWUTATEINIO.
Hoxaxem 2). [Ipumensia reopemy 6, umMeeM:

o, n>m+1
f(x) a x"+a,  X"'+.+a,x+a ax" a 1 a
k= lim —22— |i n-1 = lim =t lim =1t n=m+l. (31
xotn X x»ﬂob XM b X" 4L DX DX ool XM e x ™y (1)
0, n<m+l

Ecin n>m+1, To no TeopeMe 20 acumnrot HeT. Eciim n=m+1, To
(anX +a x'“+...+a1x+a _a xj . P(x)

m+1
b x™+b X" +.+bx+D, b x>t X™+b  X™ 4+, +b x+b
0 m m-1 1 0

b= lim ( f (x)—kx)=lim

X—>to0 X—>to0
m
rae crenens MHorowreHa P(X) He mpeBocxomut M (mokaxute 310!). OMSITH MPUMEHSST TeopeMy 6,
NoJydyaeM KOHEYHOCTh YKcia b.

Ecmu n<m+1, to k=0, u koneunocts ynciaa b=Ilim f(x) cuosa ciexyer u3 Treopemsi 6.

X—>Fo0

12
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1
Ipumep 26 (npomomxenne npumepa 21). Tak Kak MHOTOUICH y=f(x)=&(2x3+3x2—

—36Xx—20) HempephlBEH Ha BCEH YHCIOBOH

NpsAMOM, TO MO CJIEACTBHIO U3 TeOopeMbl 19
rpaduk 370l GYHKIMH HE UMEET BEPTUKAIbHBIX
acUMNTOT. HakJIOHHBIX aCUMITOT TaKXKe HET, TaK
Kak 31ecb N=3, a M=0 (cm. m. 2) Teopems 21).
[Toctpoum »scku3 rpaduka AaHHON (GYHKIIHH.
Haunnaem noctpoeHue ¢ KycKoB IpaduKOB B
OKPECTHOCTSIX KPUTHUECKUX TOYeK (cM. Tabmuiyy B mpumepe 21), a 3aTeM COelIMHSEM 3TH KYCKU
TaK, 4YTOObI MOJYYHJIACh HEMpephIBHAs KpUBas. Y TOUHEHHUE 3TOro rpaduka Oyaer nmpousBeACHO C
MOMOIIbIO UCCIIEIOBAHUS BTOPOH IPOU3BOTHOM. O

(x-2)°
(x=3)*
uMeeT BepTuKaibHyro acumnToty X=3. [lo Toil ke Teopeme, Tak kak N=3, a M=2, naHHas
(GYHKIMS UMEET IBYXCTOPOHHIO HAKIIOHHYIO acuMnToty. [1o dopmyse (31) k=1. Haiinem b:

><v

Ipumep 27 (nponosmkenue npumepa 22). Ilo reopeme 21 parmonaibHas 1pods Y=

. _ ((x=2)° j  X°-bx2+12x-8—x3+6Xx2-9x . 3x-8 . 3x
b=lim( f(X)=kx)=lim| ——-=x|=1lim =lim———=I1lim—=0.
X~>ioo( ( ) ) X%ioo( (X—3) 2 X—>too ()( —3)2 X%ioo(x —3)2 Xt X 2
y A , I/ITaK, HAaKJIOHHAasA aCHUMIITOTAa 3a4acTCA ypaBHeHI/IeM

y=X.

[Toctpoenne »dckm3a Tpaduka HaYMHACM C
KPUTHYECKUX TOYEK M AaCHMIITOT, KOTOphIe Oynem
HAaHOCUTh  IITPUXOBBIMH  JMHUSAMH.  Ecom X
npubamxaercs K 3, TO COOTBETCTBYIOIIME TOYKHU
rpaduka QyHKIMH YXOAST BBEpX (CM. JaHHBIE TaOIUIIBI
. N B npumepe 22 0 moBeAeHUH (DYHKIMU HAa MHTEpBajiax
% (—0,3) u (35)). Ecim X—>+0 wmm X—>—0, TO
R COOTBETCTBYIOIIIME TOYKU Trpaduka MNpUOIHKAIOTCA K
: HaKJIOHHOW acumnrore Y=X. Ecaum paccyxnarsb

X=3

RT/4 g

anpuoOpHO, TO B MPHUHIMIE COOTBETCTBYIOIIHE BETBU
rpaduka MOTYT MPUOIMKATHCS K aCUMITOTE U C APYron
CTOpOHBbI. TOYHO OTBETUTH HA ATOT BOIPOC MBI CMOKEM
Mocjie HaXOXKJEHUs TOYeK Imeperuda M HHTEPBAIOB
BBITYKJIOCTH.

e —_
><v

U

Ipumep 28 (nponomkenue npumepa 23). OueBuaHo, rpaduk GpyHkumn y=X’e™* He nMeer

BEePTHKAIBHBIX acUMITOT. MccienyeM Hamudue HaKIOHHBIX acHUMNTOT. [IpuHMMas BO BHUMaHUE
paBeHcTBO (16), monyyaem:

f 34X 2
7 k= lim %) fim X _ im %o,
27/e3 Xx—>+0 X Xx—>+0 X X+ @
XS
b= lim ( f (x)—kx)= lim =-=0.

X—>+00 X—+0 @

O]

X MWrak, MBI MOJTYYHIIH IIPaBOCTOPOHHIOIO
ropusoHTasbHyto acumnTory Y=0. ITocmoTpumM, ecTb

JIK1 JICBOCTOPOHHAA HAKJIOHHAd AaCHUMIITOTA. Nwmeem:
k= lim x®e " =+00. CornacHo Teopeme 20, T€BOCTOPOHHEH HAKIOHHON aCHMIITOTHI HET.

X—>—

13
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[
Hpumep 29 (nponomxenue npumepa 24). OuesuaHo, rpadux Gpyskmun y=2x+2+33/x* ne
MMeeT BEpPTHKANBHBIX AacHMITOT. IIpoBeeM HcclenoBaHME Ha

HAJIMYME HAKJIOHHBIX acUMNTOT. llpumeHsist BelpakeHUE (YHKUIUU

2x+4+3RIx? . 2x
=" —lim==2, omHako
X X—>+0 X

npu X>—2, nomydaem: K=Ilim

X—>+0

b=1lim (2X+4+3§/7—2x): lim (4+3§/7):+oo . CrnegoBarensHoO,

X—>+00 X—>+0

HpaBOCTOpOHHeﬁ HAKJIOHHOM aCHUMIITOTHI  HET. AHanorunyHo
JOKa3bIBacTCA, 4TO U HGBOCTOpOHHeﬁ HaAKJIOHHO! aCHMMIITOTHI TaKKe

0 HeT (mpojenaiite 31o!).
J
1 x
arctg—+—, x=0,
Ipumep 30 (npomoivkenue mnpumepa 25). Oynkmus y=Tf(X)= nX 2 uMeeT
-, x=0
2

onHy TOuKy paspbiBa: X=0. Opmnako B 5Toi Touke rpapuk HJaHHOW (YHKIUU HE HMEEeT

o . T
BCPTHKAJIbHOU aCHUMIITOTHI, TAK KaK (CM. BBIYHCJICHHA B IIPUMCPEC 25) 063 mnpeaciia ||m f (X)=E )51
x—0+0

. T
lim f (X):_E KOHEYHBI. [TocMOTpHUM, €CTh JI HaKJIIOHHBIC aCUMITOTHL. MiMeeMm:
x—0-0

k=lim

X—>+0

arctg L arctg L
7+7 —
f(x) . . 1 . : 1
( ): lim X £ lim Xi>=2, b=|lm(f(X)—kX)=|Im arctg—=0.
X X—>+00 X Xx—>+0 X 2 2 X—>+00 X—>+00 X
X
[To Teopeme 20 y:E — MMPABOCTOPOHHSISI HAKJIOHHASA ACUMIITOTA. JIErKo BUIETh, YTO 3Ta aCUMIITOTA

SIBJISICTCS U JICBOCTOPOHHEH.

Ay

14
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YACTD 2: IPOU3BOJHASA U EE IPUMEHEHUME K HCCJIEJOBAHHUIO (I)YHKI_II/H71
Jlexkuus 10
HHTepBaibl BRITYKIOCTH U TOYKH TIepernda

Onpeodenenue 19. Ilycte J — HEKOTOPBII WHTEPBAJ HA JEHCTBUTEIBLHON MpsSMOK. ['oBOpAT,
yro ¢ynkmus Yy=f(X) Beimykia BHH3 (COOTBETCTBEHHO, CTPOTO BBHINMYKJIa BHH3) Ha J, eciH

V' X;,X, €J , TAKUX, YTO X, <X, , BBINOJIHAETCA HEPABEHCTBO:

X, +%, ) F(x)+ (%) X, +%, ) )+ (%)
f( 2 jg 2 2 )< 2 (32)

Ecnu HepaBeHcTBa B (32) 3aMEHUTH Ha MPOTUBOIOJIOXKHBIE, TO MOJy4aeM ONPENEICHNUE BITYKION
BBEPX (COOTB., CTPOTO BBIMYKJION BBEPX) (DYHKIIHH.

(coots., f (

U
Teopema 22  (xputepuii  BbimykiaocTu). Ilycte  ¢ynkmus  y=f(X)  mBaxnisl
miuddepenipyema Ha OTKpeITOM MHTEpBase (C,d). DTa GyHKIMS BhITyKIa BHU3 (COOTB., BBITYKIIA
BBEpX) TOTJIA U TONBKO Torya, korma Vxe(c,d) f/(x)=0 (coors., f'(x)<0).
Hoxazamenvcmeso. JIokaxxkeMm TeopemMy 11l QYHKIIHIA, BBITYKIIBIX BHH3.

YA Mpemmonoxum, uro Vxe(c,d) f7(x)=0 u mycts
fx)+f(x) | = ~ XX,
5 | X, X, €(c,d), X;<X,, X= . Nmeem:
t(X,) - -
2 £y FO0 106)_[TE)= O] F(x,)- ()
2 a 2 '
ITX)} . Tak xak ¢pyuknus y=f(X) auddepenuupyema na (c,d), To mo
i nemme 3 ona HempepbiBHa Ha (C,d). ITosTomMy Ha OTpeske
O ’ ) X [xl,f('] BBITIOJTHEHBI BCE YCIOBHs Teopembl Jlarpamka (cm.

TeopeMy 15), U3 KOTOpOM CIEIyeT CYHMIECTBOBAHHUE TOUKH
a, e(x,,X), Takoit, uro f(X)-f(x)=F'(a,)(X—x,). AmHamormuno paccyxknas, NOTydaeM:
~ X,—X

f(x,)-f(X)="1'(a,)(x,—X),a, &(X,X,). YunreBas, 410 X —X, =X, —X =———>, HIMeeM:
f ()?)— f (Xl)-; f (Xz): f (al)'()?_xl)_zf (az )'(Xz_)?):_xz ;Xl [ f /(az )_ f /(al)] .

W3 ycnoBmii TeopeMbl M M3 IeMMBI 3 Tak ke, Kak U paHee, ciexyer, uro yrkmus Yy =f'(x) nHa
OTpe3Ke [al,az] YIOBJIETBOPSIET YCIOBUSM TeopeMbl Jlarpamwka. IloaTomy cymiecTByeT ToYKa

£e(a,,a,), Takas, aro f'(a,)—f'(a,)="1"(£)(a,—a,). Vtak, MbI IOTydaeM paBeHCTBO:

~ F(x)+f(x X, —X
f(X)— ( 1) ( 2):_ 2 1.f//(é).(a2_al).
2 4
Taxk kak no ycioBmo f/(£)>0, To mpaBas dYacTh STOrO pABEHCTBA HEIOJOKUTEIbHA,
f(x)+f(x,)

cnenoBarensHo T (X)< , YTO B COOTBETCTBUM C oIlpeaeneHuemM 19 noka3biBaer

2
BBINTYKJIOCTh BHU3 QyHKIMU Y= f(X).
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Jexuyun 10 no meopuu npedenos u ougghepeHyuaIbHoMy ucuucieHuIo

[Tepen paccMoTpeHHEM 0OPATHOTO YTBEPIKACHHSI 3aMETHM, YTO €CJIM B Ha4Yase MOJYICHHOTO
J0Ka3aTeIbCTBA HPEenonoxuTh, uto Vxe(c,d) f”(x)>0, To mpoBeneHHOe paccykueHHE AACT
CTPOT'YIO BBITYKJIOCTh BHU3 pyHKIMK Y= f (X).

OG6paTHOe YTBEPKICHHE TEOPEMBbI OKAKEM JIMIIb NpH ycioBuw, uto dyskuusa Y’ =f" (x)
HerpepbiBHa Ha (C,d) (63 3TOro Mpeanoa0KeHus 0Ka3aTeIbCTBO 3HAYMTENIBLHO CloXkHee). Tak,
nycts Y= f (X) BeIMykia BHM3 Ha (C,d), HO cymecTByeT Touka a<(C,d), rakas, uto ' (a)<0. M3
HenpepbiBHOCTH B Touke a ¢pynkuun Yy’ =f"(X) cmemyer, 4to cymecTByer Takas 8-OKPEeCTHOCTb
s10if Touku, uto VXxe(a—8,a+d) f(x)<0 (nokaxmre 310 or mporusHOro!). ITosToMy mH3

3aMeYaHMs, CIIEJIaHHOIO IIOCNie J0Ka3aTeNbCTBAa IEPBOMl 4YacTU TEOPEMbl U NPUMEHEHHOIO K
BBIITYKJIBIM BBEepX (QYHKIUsAM, moirydaeM, uto ¢yHkuus Y=Tf(X) crporo Beimykiia BBEpX Ha

uHTepBasie (a—35,a+d) . [loaydeHHOE MPOTUBOpEYHE 3aBEPIIACT JOKA3aTEIbCTBO TEOPEMBI.
J
Ipumep 31. Pacemorpum dynkumo Y= f (x)=x*. Tak kak VXe&(—oo,4+0) f(x)=12x*>0,
TO M3 TEOPEMbI 22 ClieayeT, YTO 3Ta (DYHKIUS BBIMYKIa BHHU3 HA BCCH ICHCTBUTEIBHOW MPSIMOH.
Jlerko BHzETH, 4TO Ha caMoM jene Y=X' CTporo BBINyKIa BHH3 Ha (—o0,4+00) (JoKaxkuTe 3T0!).
Ipu sTom, oanaxo, f'/(0)=0. O
IMpumep 31 mokaspiBaeT, YTO B IMOJHOM OOBEME aHAIOT TEOpeMbl 22 HE MOXKET ObITh

chopMynupOBaH A CTPOro BBINYKIBIX (GyHKumid. OAHAKO crHpaBeuiMBa Cileaymollas Teopema,
JI0KA3aTeNbCTBO KOTOPOI JOCTOBHO MOBTOPSIET MEPBYIO YaCTh JI0KA3aTEIbCTBA TEOPEMBI 22.

Teopema 23. Tlycte ¢ynkuus y=f(Xx) nBaxapl muddepeHpyeMa Ha OTKPBITOM
untepane (¢,d). Ecom Vxe(c,d) f7(x)>0 , (coots., f”(x)<0), To y=f(X) crporo Bemykia
BHU3 (COOTB., CTPOTo BhINyKJIa BBepX) Ha (C,d). O

Jlia 3anoMuHaHus TeopeM 22 u 23 CylecTBYeT MHEMOHMYECKOE "TPaBHIIO TOXKIA":

f(x)>0
[1osoxuTENBHBIN 3HAK BTOPOU OTtpunarenbHBIN 3HAK BTOPOH
IPOHU3BOJHOM COOTBETCTBYET IPOU3BOAHON COOTBETCTBYET
CKOIUIEHHIO JIOXK[S B COCYZIE HETIONAaHUIO IOk B COCY]T
(BBIIIYKJIOCTh BHU3) (BBIIIYKJIOCTb BBEPX)

Crenyromasi TeopeMa, JJ0Ka3aTeIbCTBO KOTOPOH MOJOOHO JOKa3aTeNbCTBY TEOPEMBI 22 U
MOTOMY HAMH OITyCKAaeTCs, [aeT XapaKTepU3allMi0 HHTEPBAJIOB BBIMYKIOCTH B TEPMHHAX
KacaTeIbHbIX.

Teopema 24. Tlycte ¢ynkuus y=7f(x) nBaxabl muddepeHiupyeMa Ha OTKPBITOM
untepBasie (C,d). OHa BbIyKJIa BHU3 (COOTB., BBIMYKJIa BBEPX ) HA TOM HHTEPBAJIE TOTIa U TOJIBKO
toraa, korna VXe(c,d) rpaduk ¢pynkimu Yy=f(X) aexuT BbImE (COOTB, HUKE) KacaTeIbHOW K
aTOMy rpaduKy, npoBegeHHOU B Touke (X, f(X)).
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Jexuyun 10 no meopuu npedenos u ougghepeHyuaIbHoMy ucuucieHuIo

KacarenbHble exat HUXKe KPUBOU
(BBITTYKJIOCTH BHH3)

KacarenbHble sexkat Bbllle KPUBOH
(BBIITYKJIOCTH BBEPX)

J
Onpedenenue 20. T'oBOpSAT, YTO TOYKAa X=a SBIAETCS
TOYKOU nepernda rpaduka Gpynknuun y=f(X), ecnm sta QyHKIUSA

OIIpCaAcyiCHa B HCKOTOPOﬁ OKpPECTHOCTHM TOYKH d, HMMEECT
KacCaTCJIbHYIO B 9TOM TOYKE U Ipu Mepexonac 4YCpe3 9Ty TOUKY
MCHJICT BBIITYKJIIOCTh BHU3 HA BBIITYKIJIOCTh BBECPX HUJIN HaOGOpOT.

[

X

@] a
X=a — TO4YKa nepernda

Teopema 25 (HeoOxoaumoe ycioBue ToukH rnepern6a). Ecnu ¢ynkius y=f(X) mBaxusl
nuddepeHIpyeMa B OKPECTHOCTH TOYKH X=a M 3Ta TOYKa SBJSICTCS TOYKOW meperunda rpaduka
nauHoit dynkmn, To ' (a)=0.

Hoxazamenvcmeo. TlpeAmnonoxuM s ONPENEICHHOCTH, YTO CJI€Ba OT TOYKH & JICKHT
UHTEPBAJ BBIMYKJIOCTH BHHM3 (yHKiuu Y=Tf(X), a crnpaBa — WHTEpBaJll BBHINYKJIOCTH BBEpX.

Hcnone3ys TeopeMy 22, 3akmtouaem, uto ' (x)>0 cnesaoran f'(x)<0 cnpapa or a. ITpumenss

k ¢ynxmmn Y’ =f'(X) mocraTounslii mpusHaK skcTpemyma (cM. Teopemy 18), 3akmrouaem, 4uTO B
TOYKEe X=a 73Ta (QYHKUUS HMeeT JOKaJdbHbIl MakcumyM. Ilo Teopeme depma (Teopema 12)
f'(a)=0.

0

Teopema 26 (moctraTouHble ycloBUsi Touku meperuba). Ilycth B Touke X=a GyHKIUSA
y=f(X) uMeeT KacaTelbHy0, a B OKPECTHOCTH 3TOM TOUKH (32 UCKIIFOUCHHEM, ObITh MOXKET, CAaMOMH

TOUYKH) — ABaXbI nuddepenupyema. Ecnu npu nepexojie yepes TOUKy X=a BTOpasi MPOU3BOAHAS
f " (X) MeHser 3HaK, To X=a — Touka neperu6a rpadguka Gpynkmun y=f(x).
Lokazamenbcmeo HeMEJIEHHO cleAyeT U3 TeopeMsl 22 u onpeneneHus 20.

0
Ilpumep 32 (npomomkenue mpumepoB 21 u 26). HaiineM BTOpYylO NPOU3BOJHYIO

1 1
uccienyeMoil  (PyHKIIHH: y”=E.(2X+1). Tak kak y”=0<:>2x+1=0c>x=—z, TO 3TO

€IMHCTBEHHas TOYKa, 'Mojo3puTenbHas" Ha meperud. 3amonHseM TaOuuIly A8 BTOPOH
NPOM3BOJIHOM, HAHOCUM Ha rpaduK TOYKM meperuda u

YTOUHSIEM ITOBe/IeHHE IrpauKa B CMbICIIE BBITYKIOCTH: (-3,61/60)
TOYKa MaXx
X | (—o0,—1/2) -1/2 (-1/2,+0) y ?
O .
_ 0 + X
(-1/2,-1/40) —
\ -1/40 \ neperu6
nepem6 (2,-16/15) —

17
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Jexuyun 10 no meopuu npedenos u ougghepeHyuaIbHoMy ucuucieHuIo

Ipumep 33 (nponomkenue npumepos 22 u 27). Umeem:
y,,_[2(x—2)(x—5)+(x—2)2](x—3)3—(x—2)2(X—5)-3(x—3)2  (x=2)(x=3)*[3(x—4)(x—3)-3(x—2)(x-5)|

(x=3)° (x-3)°
3(x=2)(x*=7x+12—x*+7x-10) 6(x—2)
- (x-3)* S (x=3)*°
Tak xak Y'=0<x-2=0<x=2, 10 X=2 -
CIMHCTBEHHAs TOYKA, IIOJO3PUTENbHAs Ha IIEpPeruo. y A [
CrpouM Tabiuiy ¥ yroudseMm rpaduk. 3aMeTuM, 4TO B :
TaOJIMILY Ul BTOPOH MIPOM3BOJHOM HE CIeIyeT BHOCHTH |
CTalOHAPHEIE TOYKH, HE SABJISIFOLLIECS |
HO/I03PUTENLHBIMA Ha TIeperu0 (B JaHHOM Cilydae pedb :
UJIET O TOUKE X=5). /|/ a7
X (—0,2) 2 (2,3) (3,+) pal Touka Min
" o] J 3
y — 0 + + ] >
X
y /— 0 _/ \ //\l\ 5
neperu6 % ' n(el;ezl;G

Ilpumep 34 (nponoipkeHue npumepoB 23 u 28).
Nwmeem:

y" =—e7*x?(3—x)+e ¥ 2x(3—x)—e *x*=e *X(=3X+ X’ +6—2X—X)=€ *X(X* —6X+6) .
Haree: y" =0 & x(x*~6x+6)=0 < X, =0, X, ;=3++/3 < X, =0, X, =3-/3, X, =3++/3 . Tonyuwm

TPU TOYKH, HTOAO3PUTCIILHBIC HA nepem6.

x| (=20 | 0 | (03-3) | 33 | (3-433+/3) | 3+/3 (3+/3, +0)
y - 0 T 0 - 0 T

y | ~— o | ___SI=087] ~ N\ [ =03

nep nep nep
TOUKH
yA neperu6a
2716% | /" 5
: : XV
O 3

X=3++/3

X=3-+/3

U
YuraTeno mnpeasaraeTcs CamMOCTOSTENBHO HCCIENI0BaTh HAa BBIMYKIOCTh (DYHKIHMHU U3
npuMepoB 24 (cM. Taxke nmpumep 29) u 25 (cm. takxke npumep 30).
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YACTH 2: TIPOU3BOJTHASA U EE IPUMEHEHUE K UCCJIEJIOBAHUIO ®YHKIUI

Jlexnusa 11
DYHKIIUU ABYX NIEPEMEHHBIX

B »T0#i nekuu Mbl 1aguM KpaTKUil 0030p OCHOBHBIX MOHSATHII MaTeMaTH4eCKOro aHalu3a,
CBSI3aHHBIX C QYHKIUSIMHU JIByX MepeMeHHbIX. [louTu Bce, 4To OyAeT n3liokeHo, 0e3 CyleCTBEHHbIX
M3MEHEHUN MOKET ObITh MEePEHECeHO Ha (PYHKIIMH N EPEMEHHBIX.

[Tycth mana ¢yHkums z=z(X,y) IBYX HE3aBUCUMBIX IIEPEMEHHBIX X U Y, ONpeleieHHas B

HeKoTopoil  obmactu’ w3 R?. 3aduxcupyeM TOUKY My (X,,Y,) u mycts { M, (X, Y,)} —
IPOM3BOJIbHAS IIOCIIEAOBATEILHOCTh TOYEK, CTPOro crpemsmasics Kk M, (9To o3Hauaer, 4ro
p(Mn,MO):\/(XH—XO)2+(yn—yO)Zﬁ§ 0 uw M. =M, Vn=12,.). Yucio b (koueunoe wim
OeckoHe4yHOE) HaspiBaeTcsi mpenenom ¢ynkimmu z=z(X,y) mpu M(X,y)—>M,(X,,Y,), ecan mus

moboit  mocnenosarensHocTH  { M (X,,Y,)}, cTporo crpemsmeiici k M,, BbIIOIHACTCS
coornomenue: limz(x,,y,)=b. Tor ¢akr, uTo uncmo b sBisercs npenenom GyHkuun z=z(X,Yy)
n—oo

npu M— M, obo3navator Tak: lim z(x,y)=b. Bce cBoiictBa 1-8, copmynupoBaHHbIC I
M—M,

npenena ¢GyHKIUM oaHoM mepemeHHod (cM. Yacte 1, CBoiicTBa mpenena (yHKIHH), OCTarOTCS
CHpaBeNIMBBIMU M s (QyHKIMH JBYX mnepeMeHHbIXx. @DyHkius z=z(X,y) Ha3bIBaeTcs

HEIpepeIBHOH B Touke M, eciau BBINONHAETCS PaBEHCTBO: N!I_ml z2(X,y)=2(X,,Y,) .- PyHkusa
0

z=z(X,y) Ha3bIBaeTCS HENPEPHIBHOW HA HEKOTOPOM MHOXKECTBE, €CIIM OHA HEMPEpPhIBHA BO BCEX

TOYKax 3TOro MHoXkecTBa. Bee cBoiicTBa HenpepbIBHOCTH 1-6, chopMynupoBaHHbIe ISl (PYHKIIUU
onHoit mepemenHou (cm. Yacte 1, CBolicTBa HempepbIBHBIX (YHKIUI), TaKXKe OCTArOTCs
CHpaBEAIUBBIMU U JUI (YHKLNU IBYX IIEPEMEHHBIX.

OcrtanoBumMcst Oonee TOApoOHO Ha Teopuu JupdepeHIupoBaHus (QYHKIUN JIBYX
NepEeMEHHBIX. 3/1eCh OCHOBHAs Ujes Takoa. J[J1s Toro, 4To0bl (PyHKIIHIO ABYX MEPEMEHHBIX CBECTH
K (YHKIIMU OJHOW NMEPEeMEHHOW, OJHY U3 MEpPEMEHHBIX (TO eCTh X MM Y) GUKCUPYIOT (CUMTAIOT
MOCTOSIHHOM  BeNMYMHOIM), a TPOM3BOJHYIO BBIYMCISAIOT MO JApyrod mnepemeHHol. Ecmu
3aukcupoBaHa nepeMeHHas Y (To ecTb Y=CONSt), To MPOU3BOHAS 10 OCTABILEHCS MEePEMEHHON X

0z
o0o3Hauaercs Zi WA 8_ Y Ha3bIBaeTCSl YaCTHOW NpoM3BOAHOW QyHKumum  z=z(X,y) 1m0
X

nepeMeHHoil X. ToyHO Tak jke, eciu 3aQUKCHUpOBaHa IepeMeHHass X (TO ecTb X=COnst), To

0z
HpOI/ISBO,Z[HaSI 10 OCTaBH_IeI\/'ICH HepeMeHHOfI y 0603HaqaeTc;1 Z;, NIIn a— N HA3BIBACTCIA IlaCTHOI\/'I

NpoU3BOAHON QyHKIMKH Z=Z(X,Y) 1O MEPEeMEHHOM Y.
X
Mpumep 35. Tlyete z=3x’y°+7x*-9y° +§ . Halimem wyacTHBIE TIPOWM3BOAHBIC OSTOU

¢ynkuuu. CHavana 3apuKCUpyeM MepeMeHHYIo Y, TO ecTh mycTh Y=Cconst. Toraa B mepBOM uiieHe

(I)YHKL[I/II/I Z MHO>XHUTCIb 3y5 SIBJIICTCS TIOCTOSIHHBIM U MOXKET OBITh BHIHECEH 3a 3HAK HpOPI3BOIIHOI>i.

1
TodHO Tak k€ B MOCJICAHEM YJIEHe MHOXKHMTEIIh — SBIIIETCS IIOCTOSHHBIM M TaKXKE€ MOXKET OBITh

BBIHECEH 3a 3HAaK INPOU3BOJHOM. TpeTuil 4ieH SBIAETCA NOCTOSHHOW BEIWYMHOW W TMOITOMY
IIPOM3BOJIHAS OT HETO PaBHA HyII0. B uTore nomy4aem:

2 . . . .
! Mox o6mnacteio B R nonumaercs MHO€ECTBO, COZIepKalllee BMECTE ¢ KaKJIONW CBOSH TOUKOW HEKOTOPHBIH KPYT €
LIEHTPOM B JAHHOW TOYKE.
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OX

Tenepp 3adukcupyeM NepeMeHHYI0 X, TO €cTh IMycTh X=CONSt. Torma B mepBOM uieHe
ynKImy Z MHOXUTENb 3X” ABIAETCS HOCTOSHHBIM M MOKET OBITh BHIHECEH 33 3HAK MPOU3BOJIHOM.
To4yHO Tak ke B MOCTEIHEM WICHE MHOXHTEIb X SBIISETCS MOCTOSHHBIM M TaK)Xe€ MOXKET OBITh
BBIHECEH 3a 3HAaK IPOU3BOJHOM. BTOpoW WiIeH sfBise€TCA NOCTOSHHOW BEIWYMHOW U IOITOMY
IIPOM3BOJIHAs OT HETO paBHA Hyt0. [Tomygyaem:

15}
—Z:3x2-5y4+0—27y2—%:15x2y4—27y2—%. O

1 1
—=3y° -2x+28x3—O+§:6xy5 +28x° e

oy

2X
Ilpumep 36. Beraucinum 4dacTHbIE MPOU3BOJHBIC (DYHKIIMH Z=Ctg3x2 Z IIyctp cHauana
+

y=const . [Ipumensist mpaBuio auddepeHnnpoBaHus CI0KHON GYHKIUH, TOTydaeM:

o 3ct922x—3y_ _ 1 -(2X_3yj/:3ct 22X=3y | 1 .2(x2+y3)—(2x—3y)-2x:
o X4y gz XT3 ATy Ky | e 23 (X2 +y?)?
x2+y? x24y?
_ 3¢ tg 3y , 2X— 3y 2x2 +2y —4x? +6Xxy et , 2X=3y sin? 2X— 3y y —X +3xy
x*+y? (x*+y°%) x?+y® xX2+y? (X +y?%)?

TouHO Tak e, cuuTas, 4To X=CONSt , moxyyaem:

@:3Ct922x—3y. _ 1 {2x—3yj/ =3ct 22X3y | 1 .—3(x2+y3)—(2x—3y)-3y2:
oy x*+y? sin? 2x=3y [\ x*+y? x*+y? sin? 2x-3y (x*+y®)?
x24y° X2 +y?
3t ,2X-3y sin-2 2x—-3y —3x*-3y°—6xy? +9y ot ,2X-3y -2 2x—-3y 2y*—2xy*—x?
B x2+y? x2+y? (x> +y?)? x2+y? X2+y® (x*+y%)?

O

3
Ipumep 37. BeramcnuM dacTHBIE mpousBoaHble Gyrkmun Z=(cosx)"™ *? . TIpu ycnosun
y=const noka3areiab JaHHON (DYHKIMM IMOCTOSIHEH, CIEIOBATENbHO NaHHYIO (DYHKIMIO HYKHO

muddepeHImpoBaTh Kak crenennyio gynxmuio (rae a=In(y®+2); cm. Bognas nexuuio, Tabmuma
IIPOM3BOJHBIX 3JIEMEHTapHbIX QyHKIMI). UMeem:

0z 3 . . 3
&:In(y9’+2)-(cosx)'”(y 2L, (=sinx)=—In(y?+2)-sinx-(cosx)"Y 21

Haobopot, eciu X=COnst, To ocHOBaHWE UCXOIHON (DYHKIIMH TOCTOSHHO, CJIEI0BATEIIBHO

JAHHYIO (PYHKITMIO HYXKHO Tu(dQEepeHIpoBaTh KaK MoKa3aTeabHyr0 (QyHKIUIO (Tae a=CO0SX ; CM.
BBoanas nexkuuto, Tabnnia npou3BOJHBIX dJieMeHTapHbIX (GyHKIuH). [Tomyyaem:

2
gz(cosx)ln(yﬁZ).In(cosx). 1 3y2 3y In(cosx)
oy y3+2 y3+2

Janum Teneps Oosiee popMaabHOE ONPECIICHIE YaCTHBIX MPONU3BOTHBIX.

( SX)In(y3+2) . 0

0z 0z
Onpedenenue 21. YacTHble NPOU3BOIHBIC &(X,y) " a—y(x,y) byukunu z=2(X,y),

BBIYHCIICHHBIE B TOuke M (X,Y), onpenenstorcs (bopMyJIaMH'
OX Ax—0

AX ! 8y(x Y)=lim Ay : (33)
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Jlerko BUAETH, 4TO 3TH (HOPMYIBI B TOUHOCTH COOTBETCTBYIOT OMTMCAHHOM BBINIE MPOIEAYPE
HAXOXXJCHHUS YaCTHBIX MPOU3BOAHBIX. [IpaBuia nuddepeHnmpoanus 1-5, 3amucaHHbIe HAMH IS
byHKIMM omHOTO TiepeMeHHoro (cM. BBomnas nexkuus, IlpaBuna auddepennupoBanms),
MIOJTHOCTBIO COXPAHSIOTCS W JUIsl (PYHKIMIA JIBYX NMEpEMEHHBIX. BUIOM3MEHsETCS TONBKO IEITHOE
npaBwio. [lepen Tem, kak chOpMyITHPOBATh COOTBETCTBYIOIIMU PE3yNIbTAT, 3aMETHM, YTO IOCIIE
BBIYUCIICHHSI YaCTHBIX IMPOW3BOAHBIX T€ ITEPEMEHHBbIC, KOTOphie mepen auddepeHIupoBaHHEM

" non " @ @
ObLIM "3aMOpOXKEHBI", "pa3zMOPAKUBAIOTCA" M, TaKUM 00pa3oM, (YHKIIHH 8X(X'y) u (x,y)

oy

OTISITh MOKHO PacCMaTpHUBATh KakK (DYHKITUH JIBYX MTEPEMEHHBIX.
Teopema 27. (uemHoe TpaBWiio JUIsl (YHKIHH JBYX TepeMeHHbIX). IIpeamonoxum, 4to

0z 0z
byHkms z=z(X,y) uMeeT HelpepbIBHbIC YaCTHBIC IPOU3BOIHBIC &(x,y) " a—y(x,y).

1) Ecnu BHyTps QyHKIMU Z=2(X,y) BcraBuTh mudpdepenumupyembie GyHkmmuu X=X(t) u
y=Yy(t), To crmoxHast (yHKIHS Z(t):Z(X(t),y(t)) oynmer muddepeHnupyemMa u ee MpPOU3BOAHAS
BBIUUCIISIETCS 110 hopMyIIe:

0z 0z
1y 9% i oL
2 (=g X 5y O, (3
2) Ecmu BHyTph ¢yHKIMEH Zz=Z(X,y) BcraButh QyHKimumu X=X(u,\v) wu y=y(u,\v),

o0aaromye YacTHBIMU TPOU3BOJHBIMH, TO CIOXKHAs (QYHKIUSI Z(u,v):Z(X(u,V),y(u,v)) TaKKe

OyzeT UMeTh YaCTHbIC TPOU3BOIHBIC, BEIYHCISIEMBIE 10 (popMyam:

0z 0z OX azay 0z 07 OX azay

ou xou oy v axov oy v (35)

0
Onpedenenue 22. YacTHble TPOHM3BOAHBIE BTOPOro mopsaka QyHKmHH Z=Z(X,Y)

onpenensorcs GopMyIaMu:
i_g(azj oz a(az) 0’z a(az) 0’z a(azj
ox2 oy2 oy\ay) axay oay\ox) ayox ox\ay (36)

ITocnennue nBe IMPOU3BOJHBIC HA3BIBAOTCA CMCITAaHHBIMH YaCTHBIMU ITPONU3BOJHBIMHU.

[]
IIpumep 38 (mponomxenue npumepa 35). Umeem:
o’z o(o o’z oo 2x 0z oo 1
_iz_( Z) 6y® +84x —f:—( Z) 60x°y®-54y+— ); ( Zj =30xy*~—,
OX® OX\OX " oy® oy\oy Oxoy 6’y y
o’z oo 1
( ZJ =30xy*——5
OyOX " ox oy y?
U

B puMepe 38 MBI MOJIYUYUJIM COBIMAACHUC CMCIIAHHBIX IMPOU3BOAHBIX BTOPOTO IMOPAJKA. @)
3aKOHOMCPHOCTH TAKOI'O PE3yJibTaTa 'OBOPUT CICAYIOIIAA
Teopema 28. Tlycts ¢ynkius z=z(X,y) o01amacT HEMPEPHIBHBIMA CMEIIAHHBIMU
o’z 0’z 0’z _ o’z

T S
oxay | oyox s O Bxay  oyox

IMPONU3BOJAHBIMHU

[
0

e
Onpeoenenue 23. Ilycts € O:(eloj — enquHu4HbBIA BekTop (cM. JIITAAT, onpenenenue 21) u
2

nycth Z(X+te],y-+tes)—z(X,y) ecth npupamienue GyHkuun z=2(X,y) B HanpaBIeHHH BeKTOpa €°.
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Jexuyusn 11 no meopuu npedenos u ougghepeHyuaIbHOMy UcHUCIEHUIO

z(x+te],y+ted)—z(x,y)
t

Ecmu CyHICCTBYCT KOHEYHBIN npeaci lim , TO 3TOT NPCAC]I HA3bLIBACTCA
t—0

_ 0z
pOM3BOIHOM GyHKIMK Z=Z(X,y) B HAalpaBJIEHUH BEKTOpa €° M 0003HAYAETCH g(x,y).

U
CpaBHuBas onpejenenue 23 ¢ onpenencHueM 21, BUAMM, 4TO MpH € =i (TO ecTh Koraa

o 0z 0z P o
BEKTOp € wumeeT HanpasieHue ocu OX) g(x,y):&(x,y), anpu € =] (To ecTh KOrza BEeKTOp €

umeeT Hanpasiienue ocu Oy) %(X, y):@(x, y) .

Teopema 29. Ilycts ¢yHkmus z=z(X,y) ompeaeiieHa B 00JacTH, COJACpIKAIICH TOUYKY
M, (X,,Yo), ¥ IMEET B 3TOM 001aCTH HENPEePBIBHbIEC YaCTHbBIE IIPOU3BOHbIE. Toraa

0z o OZ 0z
8( o'y0) (gradz(xo,yo))e =6/ 8_( 0,y0)+e 8y( 0’y0) (37)
0z
aX(XO’yO)

rae gradz(X,,Yo)=| a; — BEKTOp, Ha3bIBAEMBIN I'PAJIMCHTOM (QYHKIMU Z=Z(X,y) B TOUYKE
ay(XO’yO

Mo (Xo,Yo)-

Hoxasamenvcmeo. O6o3nmauum  Z(t)=z(X,+te,y,+tes). W3 onpemenenus 23 Jerko

0z
CJIEyEeT, 4TO %(Xo : yo)zz’ (t)‘t_ 0 [Tpumensis popmyiy (34), momyyaem:
0z
Z ()= (x +e1t,y0+e°t) (X, +e°t)t+g(x +elt y0+e°t) (Y, +ent) =

—e a—(x +€; ot,y,+e t)+e a—(x +€; ot,y,+e t)
a 0 ay 0

oz /
CrnenoBaTeabHO, a( Xo1Yo ) =

o 0Z 0 O
_e (’5_( o’yo) 8;(X0’y0)' U

0z -3
Ipumep 39. Haiinem gradz wu % B Touke M, (3,2) no HampaBlIeHHIO BEKTOpa é:( 4j,

OX

oz 0z
ecmn z=2x°y—3xy®. CHayana BEIYHCIIAEM YaCTHBIE IPON3BOIHBIE: —=4Xy—3y°, 5=2X2 —9xy?.

o o
CrenosatemsHo, 82(32) 4.32-3.2°=24-24-0, 52:2-32—9-3-22:18—108:—90. To ects

gradz(3,2):( 9 0)' Jlanee, TPOHOPMHpYEM BEKTOp €, TO €CTh 3aIlHIIEM BEKTOp €°, MMEIOIIHil

€AVMHUYHYIO JUIMHY W HalpaBJ€HHE, COBMAJarouiee ¢ HampaBieHHeM Bektopa € (cm. JUIAAT,

3 5 50 g (-3/5
npumep 14): [e]=+/(-3)*+4° =5, & _H_ 4/5 . TTo popmyne (37):

%(3,2):(_2 oj -(_j@:o-(—3/5)—9o-(4/5)=—72. 0
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